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Analyticity of the Planar Limit
of a Matrix Model

Stavros Garoufalidis and Ionel Popescu

Abstract. Using Chebyshev polynomials combined with some mild combi-
natorics, we provide an alternative approach to the analytical and formal
planar limits of a random matrix model with a 1-cut potential V. For
potentials V(z) = 2°/2 — Y. ., anz"/n, as a power series in all an,
the formal Taylor expansion of the analytic planar limit is exactly the
formal planar limit. In the case V is analytic in infinitely many vari-
ables {an}n>1 (on the appropriate spaces), the planar limit is also an
analytic function in infinitely many variables and we give quantitative
versions of where this is defined. Particularly useful in enumerative com-
binatorics are the gradings of V, Vi(z) = 2%/2 — 3, ., ant™/?z"/n and
Vi(x) = 22/2 =3, o4 ant™? 12" /n. The associated planar limits F(t) as
functions of ¢ count planar diagram sorted by the number of edges respec-
tively faces. We point out a method of computing the asymptotic of the
coefficients of F'(t) using the combination of the wzb method and the reso-
lution of singularities. This is illustrated in several computations revolving
around the important extreme potential V;(z) = x2/2 + log(1 — v/tx)
and its variants. This particular example gives a quantitative and sharp
answer to a conjecture of 't Hooft’s, which states that if the potential is
analytic, the planar limit is also analytic.

Mathematics Subject Classification (1991). Primary 57N10;
Secondary 57M25.

1. Introduction
1.1. Formal Matrix Models and Their Planar Limit

Matrix models are integrals of exponentiated potential functions over finite
dimensional vector spaces (such as the vector space of Hermitian matrices
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of size N) that were studied in the seventies as an approximation of Quan-
tum Field Theory in a O-dimensional space-time. Matrix models at fixed value
of N and their behavior when N is large is useful in a variety of problems
that include enumerative problems of ribbon graphs, random two-dimensional
gravity, triangulations of surfaces, random matrices, topological string the-
ory, intersection theory on the moduli space of curves and perturbative gauge
theory; see [7,11,13,14,29-31,38].

Matrix models come in two flavors: formal and analytic. Formal matriz
models (FMM in short) are easy to define, using formal Gaussian integration.
The input of a formal matrix model is a formal potential V

Via) = 5 = Y a" € Allal], 1)
n=1

which lies in a formal power series ring A[[z]], where A is the completed ring

A:Q[[al,ag,ag,...]]. (2)

The partition function Z and the free energy F of the formal matrix model is
given by the following formal integral and its logarithm, respectively
IHN dM exp(—NTr(V(M)))

Z 7 J e NLQE) T TIPS N2A[/NY)(3)

where

‘H is the vector space of Hermitian matrices of size IV,

Tr(M) denotes the trace of a matrix M,

The meaning of the formal integration is the following: expand
e~ NTX(V(M)+M?/2) a5 formal power series in A[[N, Tr(M), Tr(M?2),.. ]|
and integrate coefficient-wise. This operation produces a well-defined ele-
ment of N2A[[1/N?]].

So, we can write

F=) N*"%F, F,cA (4)

9=0

Fy € Ais called the genus g-limit of the formal matrix model. We can expand
Fy in terms of monomials

Fg= g CA, g
A

where the sum is over the set of all partitions A = (1™12"2...) and a) = Hj a])-‘j
and cy are rational numbers. F,; enumerates connected ribbon graphs of arbi-
trary valency on a connected, oriented surface of genus g; see [6,7,28,33].
More precisely, it follows by Wick’s theorem that c) is the weighted sum of all
connected ribbon graphs (weighted by the inverse of the order of the automor-
phism group) of genus g that have ny, vertices of valency k; see [28,33]. When
g = 0,Fy is the planar limit of the formal matrix model. The planar limit
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depends on the formal potential V), and if we want to stress this dependence,
we will use the notation Fj . As an example, when
LL‘2 a4 4

V4:?—Z$

the coefficients of the formal power series Fyy, € Q[[as]] counts the weighted
sum of connected planar 4-valent ribbon graphs. From the definition of F y,,
one can compute several terms of the power series Fy.y,, by hand or by
machine. The pioneering work of [6,7] gave an exact formula for the power
series Fo y, using potential theory:

1 — 36a4 + 16202 + (1 — 30as)v/T — 12a4
432432

43 log (1 - W} € Qfad])

The computation of [6,7] was lacking rigor, and several years later their method
was justified by using potential theory and the Riemann-Hilbert method; see
[12,16]. In the present paper, we give an independent proof, using mostly
techniques from real analysis and elementary potential theory. In addition,
we describe explicitly the analyticity properties of Fy with sharp results, see
Theorems 1.1 and 1.2 below.

As a notational convention, we will use caligraphic symbols V,R,S,
Fo, ... for formal matrix models and straight symbols as V, R, S, Fy, ... for
the analytic matrix models.

Fov, =

1.2. Analytic Matrix Models and Their Planar Limit

Let us now define the analytic matriz models (AMM in short). An admissible
potential V(x) is a function V : R — R which is lower-semicontinuous, and
grows sufficiently at infinity, i.e., satisfies
V
im (z) .

(5)

For an analytic matrix model with an admissible potential V' define

Iy = —J\}i_r}noo%log / exp(—NTr(V(M)))dM
HN
- it { [ v - [[ogle ynaautan}. ©

where P(R) is the set of all probability measures on R. The second equality in
the above equation follows for example from [10,23].

In the case V(x) = % =D st "an is an admissible potential we then
define the analytic planar limit as

3
oy = 1 Iy. (7)

We will call Fy v and Iy the the analytic planar limit.
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r—e—o  o0—0—=0

b—2c b b+2c S—-2R*> S S+ 2R2

F1GURE 1. A graphical interpretation of b, c and R, S in terms
of the endpoints of the support of the equilibrium measure

As we already mentioned, this formula allows one to reduce the problem
of the planar limit to the investigation of what is known in the literature as
the logarithmic potential with external fields (Fig. 1).

A 1-cut potential V is an admissible potential whose equilibrium measure
has support in a single interval [b — 2¢,b + 2¢]. Following the notation of [4],
we will use the change of variables (see Fig. 1 for a graphical representation)

(b,c®) = (S, R). (8)

It turns out that in the case V' is a 1-cut potential (plus some nondegen-
eracy), and V, is an analytic perturbation of V, then the endpoints and the
planar limit depend analytically on a.

An admissible potential V' is even if it satisfies V(z) = V(—z) for all
z € R. For even 1-cut potentials, the equilibrium measure of V is centered at
b=0.

1.3. Analyticity of The Planar Limit

Analyticity of functions in infinitely many variables is well defined and under-
stood on functions defined on ¢* spaces (see [26] and [36]). In our case we need
to define a weighted version of ¢! space. To this end, let » > 0 be a positive
number, and for a complex-valued sequence a = {a,}n>1 C CN, consider its
2L norm

&)
lall; =Y lanlr". (9)
n=1

Now, consider the following ¢! type spaces
é}-(N) ={a={an}tn>1 C c: |laf|, < oo}
Ei(ZN) = {a = {an}nzl S f,l_(N) taon, =0,n > 1}.
Let B, and BE¥ denote the open balls of radius 1 in £(N) and ¢}(2N), respec-
tively.
Now consider & C RN to be the set of sequences a = {an }n>1 € RN such

that
2

T anpx™
Ve =5 -2 T

n>1

is a 1-cut admissible potential which is analytic near 0. Using Eq. (7) we can
define a map Fy v

Fy:6 —R. (10)

Likewise, we have a map F§" : 6® — R.
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We use here the definition of [26,36] for an analytic function on ¢}(N)
which essentially means that the Taylor series in infinitely many variables
converges.

Theorem 1.1. The maps Fy, R and S (resp. F§Y, R®Y and S°) uniquely extend
to analytic functions on By, 13 (resp. Bf‘/’\/g).

Our next theorem identifies the planar limit of the formal and analytic
matrix model. Since the map Fy from (10) is analytic at 0 € £1(N), its Taylor
series regarded as a formal power series is given by

F():ZC)\CL)\ cA (11)
A

where the sum is over the set of partitions (including the empty one), ¢y € Q
and A is given in (2). Consider the formal power series (R,S) € A? defined in
Sect. 1.4 below.

Theorem 1.2. We have
R=R, S=S8, Fy=xF. (12)

What this means is that, if the analytical procedures are taken formally,
one recaptures the planar limit of the formal matrix models.

Theorems 1.1 and 1.2 confirm a conjecture of 't Hooft for the planar
limit of matrix models. 't Hooft’s conjecture is motivated by perturbative
gauge theory ideas whose Feynman diagrams are ribbon graphs, and asserts
that Fo(V(x)) should be an analytic function at 2 = 0 when V(z) is analytic
at zero; [38]. For a proof of 't Hooft’s conjecture for the case of Chern—Simons
gauge theory, see [21].

A natural problem is to extend Theorem 1.1 to all genera g.

Problem 1.1. Show that for all g > 0, F, (resp., ") is the Taylor series of an
analytic function on B, 5 (resp. By, ).

This may be achieved using [1,18].

1.4. Two Gradings for The Planar Limit

The formal planar limit Fy € A enumerates planar ribbon graphs of arbitrary
valency, and it is closely related to two other formal power series (R, S) which
are uniquely determined by the system of non-linear equations

R =Hi(R,S)
{S =H2(R,S) (13)
where

HiR,S) =1+ a, Y (? - i) <n p j) RIS (14)

n>1  j>1

Ho(R.S) =3 an 3 <”2‘] 1) (2]3) Rign-2i-1 (15)

n>1 >0
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Equation (13) always has a unique solution in (R,S) € A? that satisfies R €
1+ A" and S € A", where AT are the formal power series in the variables
a, with no constant term. Moreover, it is easy to see that this unique formal
solution has integer coefficients.

An enumerative interpretation of the coefficients of (R, S) is given in [4],
which in particular implies that they are natural numbers. An analytic inter-
pretation of (R, S) is that they determine the position of the interval of a 1-cut
analytic matrix model; see Sect. 6.

Enumerative combinatorics dictates two gradings on the set of variables
an, the edge grading deg,(a,) and the face grading deg;(a,,) defined by

deg,(a,) = 5, degy(an) = 5 — L. (16)
Given an element H € A, let H. € A[[t'/?]] and H; denote the result of
substituting a, by a,t™/? and a,t"/2~! respectively. For example, for the for-
mal potential V(z) from Eq. (1) we have

=*—Z%W”1[W2m

Ve(x) = %2 — Z %t”/%lx" e A[[tY?, z]] (17)

where in the latter we assume that a; = as = 0. Likewise, for R, R and Fo .
Of course, when we set t = 1 to H, or Hg, we recover H. In particular,

fO,e(l) = fovf(l) = .7:0 cA (18)
The next theorem gives a simple formula for 7 . in terms of R, and S..

This appears in [5] but for polynomial potentials V and the proof in there uses
orthogonal polynomials.

Theorem 1.3. We have:

1 [ (t—8)(2Re(5)S%(s) + R2(s) — 1)
?/ 5% ds. (19)

~7:O e
0
It follows that

Re(t)S2(t) + R2(t)
5 .
where f' indicates the derivative with respect to t.

(12F)) = (20)

The next theorem gives a simple formula for F ¢ in terms of Ry alone.

Theorem 1.4. We have:
t
1
For(t) = o) /(t — s)log R¢(s)ds (21)
0
In particular

(t*Fo )" = log Re(t). (22)
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Remark 1.2. Given a potential V = > ., a,2™/n as a formal power series,
from the potential theoretic approach one obtains that at the formal level, ¢
and b satisfy the system

2
] , .

2= /czV’(co:er Z Z <n ) < >023b”25

7 V4 — n>1 j>1 2j—1

: (23)
1 . .

0= /V’ cxr +b)——— (n ) < )cQJb"_QJ_l.

A ( 7r\/4—x2 TZ:I ]Z:O

In the case V = 2%/2 — > n>1 @z /n, and R = c?,S = b, one easily obtains
the system (13).

Remark 1.3. Some authors prefer to consider the following rescaling ]Z of V,

~ x? anpr"

Vo= =— —
MY n

n>1

Since Ve(x) = Vo(tY/2x), it is easy to see that
é(t) = Vie(t)
b(t) = Vb(t),
where ¢&(t) and b(t) are defined using the system (23).

Remark 1.4. Likewise, for the following rescaling Ve of Vg
2

R

n>3

we have Vi(z) = Vi(t'/22)/t which implies that [here &(t) and b(t) are con-
structed from V(z) /1]

&(t) = Vie(t)
b(t) = Vtb(t).
Remark 1.5. When V is even, then S = 0 and R satisfies the implicit equation
H(R) =1 (24)
where

*xffZagnx < )xZagnx ( - > (25)

n=3

This is indeed so because

7 zV' (zy)dy 1 1 & om (2n)
—————=—|z— =) agz .
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1.5. Algebricity, Holonomicity and Asymptotics of The Planar Limit

In this section we discuss the algebricity of the planar limit. Let us recall
first some well-known properties of algebraic functions and the asymptotics of
their Taylor coefficients. The reader may consult [39] and also [19, Chpt.VII]
for further details. Computer implementations are available at [15,24,34].

An algebraic functiony = y(x) is one that satisfies a polynomial equation
P(y,z) = 0 for some 2-variable polynomial with rational coefficients. Below,
we will be interested in algebraic functions y(z) which are regular at = = 0,
i.e., they have a Taylor series expansion

ylx) = Z anx" (26)
n=0

The set of algebraic functions is a field, closed under differentiation with
respect to . Algebraic functions are always holonomic, i.e., they satisfy (reg-
ular singular) linear differential equations with coefficients polynomials in z
with rational coefficients. An algebraic function y(z) gives rise to a ramified
d-sheeted covering C — C with semisimple local monodromy (with eigen-
values complex roots of unity) and global monodromy a finite subgroup of
SL(d,C). In other words, an algebraic function y(x) regular at x = 0 can be
uniquely analytically continued as a multivalued analytic function on C\A,
where A is a finite set of algebraic numbers. In practice the analytic contin-
uation can be obtained via Puiseuz series, and all local expansions of y(x)
around a singularity € A are exactly computed by y(z); see for example
[15,34]. Since y(x) is holonomic, it follows that the sequence (a,,) of its Taylor
coefficients from (26) is holonomic, i.e., it satisfies a linear difference equation
with coefficients polynomials in n with rational coefficients; see [41]. To discuss
the asymptotics of (a,) we need to recall what is a sequence of Nilsson type,
discussed in detail in [20].

Definition 1.6. We say that a sequence (a,) is of Nilsson type if it has an
asymptotic expansion of the form:

1
" ~noo A"n®(1 BSy\ ashras | — 27
a ;a;ﬁ n*(logn)”Sx a,phx a8 (n) (27)

where

e the summation is over a finite set,

e the growth rates A are algebraic numbers of equal modulus,

e the exponents o are rational and the nilpotency exponents 3 are natural
numbers,
the Stokes constants S .5 are complex numbers,
the formal power series hy o g(z) € K[[z]] are Gevrey-1 (i.e., the coeffi-
cient of 2™ is bounded by C"n! for some C' > 0),

e K isa number field generated by the coefficients of hy  g(z) for all A, o, 3.

For a detailed discussion of the uniqueness, existence and computation
of the asymptotic expansion of a sequence (a,,) of Nilsson type, see [20]. The
results of [20] and the above discussion implies the following.
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Proposition 1.7. (a) If y(x) is algebraic and regular at x = 0, then the
sequence (ay) defined by (26) is of Nilsson type, where =0 in (27).

(b) Moreover, the asymptotic expansion (27) can be computed exactly and
effectively.

We will apply the above proposition to the planar limit.

Proposition 1.8. (a) IfR(t),Sc(t) (resp. Re(t)) are algebraic functions, then
(2 F)0) (t) (resp. (82 Fo)" (t)) is also an algebraic function.
(b) IfV is a polynomial, then Re,Se and R are algebraic functions.
(c) Let

Folt) = fat™

n>1

Under the assumptions (a) it follows that the sequence (f,) is holonomic.
(d) In addition, the sequence (fy) is of Nilsson type.

Several illustrations of the above proposition to extreme potentials are
given in Sects. 8 and 9.

1.6. The Plan of The Paper

In Sect. 2 we introduce and discuss the formal matrix models with the two
important gradings, the edge and the face gradings. Section 3 introduces the
potential theoretic part of analytic matrix models and the preliminary results
needed in Sect. 4 where the main analytic results are presented. We use here
real analysis tools combined with Chebyshev polynomials and elementary com-
binatorics to deal with the minimization problem (7), which is an alternative
to the classical complex analysis techniques.

Section 4 is the bulk of the analysis, the central pieces being Theorems 4.2
and 4.3. These are applied to some analytic examples in Sect. 5.

Next, in Sect. 6 we prove the matching claimed in Theorem 1.2 and in
Sect. 7 we give the proofs of the main results for the formal matrix models,
namely, Theorems 1.3 and 1.4.

The main calculations with the extreme potentials are in Sects. 8 and 9,
for the edge grading and respective the face grading. These main calculations
are complemented with a small discussion in Sect. 10 about the calculations
in the case of planar diagrams with vertices of valence 3 or 4.

In Sect. 11 we give the formal proof of 't Hooft’s conjecture, materialized
first in the general form of Theorem 11.1 and then in Corollary 11.1, from
which Theorem 1.1 follows.

At last, Sect. 12 gives a perturbation result which is used in the proof of
Theorem 1.2 in Sect. 6, though the results in this section do not give sharp
results about the radius of convergence for the planar limit as in Sect. 11.
However this is a very useful analytic tool and we decided to include here.

Finally, the appendix contains some Taylor series of R, S and F. Some
of these terms are used in the proof of the main results, Theorems 1.3 and 1.4.
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2. Formal Matrix Models

It follows from the definition of the formal matrix model that the planar limit
Fo is the generating series of counting of planar graphs, weighted by the inverse
of the size of their automorphism groups. This is discussed in detail in [6,17,
29,33]. In particular, Fy . counts planar graphs where every n-valent edge con-
tributes a term t"/2. Likewise, Fo,e counts planar graphs where every n-valent
face contributes a term t"/2~1,

3. Analytic Matrix Models
3.1. A Summary of Analytic Matrix Models

One of the main problems one faces with the minimization problem (7) is
the support of the equilibrium measure. Without extra assumptions on the
potential V| the support can be an arbitrary compact subset of the reals.
However, most of the formal computations on the planar limit as a count-
ing object are based on the formal manipulations as if the support was one
interval.

Naturally, what we want to do here in the first place, is a complete ana-
lytical characterization of the one interval support for the equilibrium measure
of (7). The way we do this here is based on an elementary approach to the
logarithmic potential due to the following formula for z,y € [—2,2]:

oste =l <=3 27, ()7 (3
n=1

where T,, are the the Chebyshev polynomials of first kind. Based on this for-
mula we give a quick incursion into various formulae in logarithmic potential
theory on [—2,2], especially the formula from Theorem 4.1 and show that the
general case of 1-cut potentials can always be reduced by rescaling and trans-
lation in the z-variable to this case. The reason of doing this is to highlight a
way of using manipulations of the Chebyshev polynomials in this framework.
This seems to be an alternative (in the case of measures with support [—2, 2])
to the powerful complex analysis methods discussed for example in [37].

However, the more interesting fact is that we obtain the following explicit
formula for Iy. If V is a C? potential whose equilibrium measure has support
[—2¢ + b, 2¢ + 1], then

2 c 2 2
IV:—logc—l—/V(cx_'—b)dx [ /xV (sx + b)dx
T4 — a2 2m\V4 — 22

2

2
V'(sx + b)dx
+ s ds. 28

/ V4 — z? 8 (28)

This is attained via concrete exploitations of the Chebyshev polynomials, first
for the case of the interval [—2, 2] and then simple rescaling. It is worth pointing

—2
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out that ultimately, this identity reduces to checking a combinatorial identity
for binomial coefficients. This we carry out using the implementation of the
Zeilberger method.

The previous formula, makes the dependence on the potential very trans-
parent. Any questions on the analyticity of Iy (or Fpy) under perturbation
follows from the analyticity of the endpoints of the support of the equilibrium
measure.

Finally, we show that under certain non-degeneracy conditions made
explicit in Sect. 12, if V4 is an analytic perturbation of V' depending on the
parameter t, then the planar limit Iy, depends analytically on t on a domain
of the parameter space.

Here is an outline of what follows. In Sect. 3.2 we introduce the main
objects, in Sect. 3.3 we discuss the formula that connects the logarithmic
potentials and the Chebyshev polynomials. Next, in Sect. 3.4, we describe
the connection with Fourier analysis. Section 4 contains the main analytical
results.

3.2. Logarithmic Potentials with External Fields

As it was pointed out in the Introduction, we are going to look at the problem
of minimizing the logarithmic energy with external fields and then investigate
the planar limit in this framework.

Assume V : R — R is an admissible potential. For a closed set S C R,
according to [37] for the general case or [10] for the case S = R, the following
minimization problem has a unique solution (which turns out to be compactly
supported)

Iv(S) = inf{ly(p) : p € P(S)} (29)
where P(S) stands for the set of probability measure on S and

Fel) = [ Vi@w(de) ~ [ [ 1og]e ~ ylutds)n(ay). (30)

The term — [[log |z — y|pu(dz)u(dy) is called the logarithmic energy of the
measure u. For simplicity, we will denote Iy = Iyv(R). Also for a given mea-
sure u, we will denote suppp, the support of the measure p. The equilibrium
measure of (29) on the set S (cf. [37, Thm.I.1.3]) is characterized by

V(z)>2 / log | — y|lu(dy) + C'  quasi-everywhere on S
(31)
Viz)=2 / log | — y|u(dy) + C'  quasi-everywhere on suppp.

Here, a property P holds “quasi everywhere” on the set €2 if we can find a set
A such that p(A) = 0 for any measure p of finite logarithmic energy and the
property P holds on Q\A. This means, that the equality on suppp is almost
surely realized with respect to any measure of finite logarithmic energy.

Notice here that if we change the variable of integration to x — cx + b
and y — cy + b, where ¢ # 0, then, with

prep = ((- = b)/c)gp,
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(+/c standing for the multiplication by 1/¢), and for a given function ¢, the
push forward ¢ is the measure defined by ¢xu(A) = p({z : ¢(x) € A}) for
any Borel measurable A. Therefore we have

Fol) = [ Ve + bn(da) ~ [ [1oglen eyl (d)
= Iv(.ctb)—tog(c) (Hb,c) = Iv(.ctb)(Hp,c) —loge (32)
which in turn results with
Iy = Iv(ctb)—tog(c) = Iv(.c+p) — log(c).
3.3. Logarithmic Potentials and Chebyshev Polynomials
Recall that the Chebyshev polynomials of the first kind T, (x) are defined by
T, (cos 0) = cos(nd) (33)
see for example, [32]. Alternatively, they are given by the recursion relation
Toi1(x) = 22T0(2) — Tna(z), To(z) =1, Ti(z) = 2.

T, are the orthogonal polynomials for the arcsine law 1[_; 1 (x)ﬁ The

following lemma is due to Haagerup [22] and we reproduce the proof here for
completeness.

Lemma 3.1 (Haagerup).
(a) For any real z,y € [—2,2],z # y, we have

2 T Y
logle —yl ==Y =T, (f) T, (7)
—=n 2 2

where the series here is convergent on x # y.
(b) If x > 2 and y € [—2,2], we have

x+Vaz—4 < 9 (z—vaZ_4\" Yy
loglz —y| = log| ——5—— ‘Zn<z> 7. (3)
n=1

where the series is absolutely convergent.
(¢) The logarithmic potential of a measure on [—2,2] is given by

/log = ylp(de) = =) %Tn (g) /Tn (%) 1(dy) (34)

where this series makes sense pointwise.
(d) The logarithmic energy of the measure u is given by

[ 1081 = viutaautan) = - i 2([n(3) u(dx>)2 . @)

In  particular  [[loglz — ylu(dz)u(dy) is finite if and only if
o0 T 2 . .
St 2 ([T (%) p(d))” s finite.
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Proof. We first point out that for any complex number z # 1, with |z| = 1,
one has that

M8

log(l—2)=— (36)

z
)
n

I
—

n

where we take the branch of log on C\(—00,0]. Now, write 2 = 2cosu and
= 2cosv, and observe

x —y = 2(cosu — cosv) = 4sin (uz—l—v) sin (v;u) ,

and hence,
2sin (u—;—v) ’ + log |2sin (v ; u)‘

= log |1 — ei(u-‘rv)l + log ‘1 _ ei(v—u)‘
— Re <log(1 — ei(quv)) +log(1 — ei(vfu))>

_ Z Re( in(u+wv) +e in(v— u))

:_Z (cos(n(u +v)) + cos(n(v —u)))

log |z — y| = log

o0

= Z % cos(nu) cos(nv)

n=1
S ()

For the case z > 2 and |y| < 2, then write 2z = 2coshu = e* + e, where
w-&-\/i—

u = log and y = 2coswv, thus

log |z — y| = log(e"(1 — e "*¥)(1 —e7"7™))
= u+log(1 — e ") £ log(1 — e~ 1)

o0

2
=u-— Z Ee_”“ cos(nv).

n=1
For the second part, for given —1 < r < 1 we introduce the kernel
2r™ Y
Lo(z,y) = — T()ﬂ&ﬁ.
(,y) Z; 5 5

This can be computed for © = 2cosu and y = 2cosv for u,v € [0,7) with
U # v as

L,(2cosu, 2 cos v)

=— Z — cos(nu) cos(nv)

n>1
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=S g (cos(n(u + v)) + cos(n(u — v)))

_ Z ﬂRe <ein(u+v) + ein(u—v))
n
=1
=(36) log |1 — )] L log |1 — Y|

1
=3 (log(1 + 7% — 2r cos(u + v)) + log(1 + r* — 2r cos(u — v)))

Next, for any 6,
1+7r

2
421+r2—2rc0592( ) (2 —2cosh)

which results with
1+7r

logd > L, (2cosu,2cosv) > 2log + log |2 cosu — 2 cosv|,

or for x,y € [-2,2],x # y,
+7r

1
log4 > L.(z,y) > 2log + log |z — y|.

This combined with Fatou’s lemma yields that

tin [ L (e, p)uldy) = [ logle ~ ylu(dy).

r—1-

The rest follows. O

The first consequence of the above proposition is the computation of the
well-known arcsine law of an interval; [37].

Corollary 3.2. If w(dr) = 1j_39 (x)m/% is the arcsine law of the interval
[—2,2], then

1 dy) = ol <2 37
og |z — ylw(dy) = log |z +v/zZ—4 | > 2 (37)
2 ) :

If p is a signed measure on [—2,2] with finite total variation and finite loga-
rithmic energy, then

/log | — ylp(dy) = ¢ almost everywhere for all x € [—2,2] (38)

if and only if p(dx) = 1_s 9 (m)%. Here, almost everywhere is under-
stood with respect to the Lebesque measure. Additionally, the constant ¢ must

be 0.

Proof. Because the density of w is even, it suffices to prove (37) for z > 2 or
x € [—2,2]. Equation (37) follows from the lemma and the fact that the series
in (34) is convergent and is convergent also in L?(1{_s 9 (x)ﬁ)

For the second part, integrating (38) with respect to the arcsine law and
exchanging the integration one obtains that ¢ = 0. Now, using equality (34) we
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obtain that [ 77, (%)u(dy) = 0 for all n > 1 and thus p and 1j_5 o (x)w

TV 4—x2
have the same moments and consequently must be equal. O

3.4. A Connection with Fourier Analysis
Take the map
©:[0,7] 20 — 2cosf € [-2,2].

For a given measure p on [—2,2] we define i = p 0 ©, the measure on [0, 7]
such that

i(A) = n(O(A))
for every measurable set A in [0, 7]. The map p — [ from measures on [—2, 2]
into the set of measures on [0, 7] is a one to one and onto. The advantage of
using this comes from

Oy = /Tn (g) pu(dz) = /cos(n@) (d9), n>0, (39)

which tells us that the “moments” of p with respect to Chebyshev’s polyno-
mials are seen as the Fourier coefficients of a measure on [0, 7].
The following result is standard and we state it without proof.

Proposition 3.3. Given a sequence {ay,}n>0, with ag = 1, the following are
equivalent:

1. There exists a measure on [—2,2] such that oo, = [T(%)p(dx);
2. {an}tn>0 is a bounded sequence and

2
() S / x )
= dz+2 a, | T, (f dz
/27r\/4—x2 ; , 2/ w4 — g2
defines a nonnegative distribution, i.e., for any smooth nonnegative func-
tion ¢ : [—2,2] — R4,
{1, ) > 0.

In particular, if Yo" |an| is convergent, then there is a measure p on [—2, 2]
such that o, = [ T(%)p(dz), if and only if

—1+2Zan n( )>0 for all z € [-2,2)]. (40)

In this case the measure y is given by u(dz) = :\(/%.

4. The Planar Limit of Analytic Matrix Models, The Main
Results

Given a continuous function f on [—2,2], we define

dz
/f Wm, n > 0. (41)
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Notice that if f is bounded by a C*~! function and piecewise C* for some
k > 0, using the Fourier interpretation and repeated integrations by parts we
learn that 3, (f) = o(n~"). Next define the orthogonal polynomials

To(2) = V2Th(/2) (42)
for n>1 and Ty = Ty = 1. These provide a Hilbert basis of
L2(1[_272]( ) mdm)

Theorem 4.1. Assume that V is a C? and piecewise C* function on [—2,2)]
and A € R a constant. Then, there is a unique signed measure | on [—2,2] of
finite total variation which solves

2 [log |z — y|p(dz) = V(x) + C almost everywhere for x € [—2,2],
u([-2,2]) = A
where almost everywhere is with respect to the Lebesgue measure on [—2,2].

u(z) da
m4—1x2

The solution 1 is given by p(dx) = where

my/4—y 2 277\/4—3/2

4—x2/2V'(x)—V’(y) dy

u(z)=A- =

2 2
1 / yWiy)dy = [ V'(y) dy
2

—2

]

+ . 43
2 T—y /4 — y? (43)
. . o 2 V(z)dz
In addition, the constant C' must be given by C' = — f_2 Pyt
Proof. In the first place, the uniqueness is clear because of Corollary 3.2.
To prove the rest we first write the function V'
0 ~ oo .
Viz) =S (T, VVTo(x) = Bo(V) + 2 nVTn(f)
)= S0 VI Tue) = 50) +2 3 I (5
where the inner product is taken in L?(1j_s (2 )m/f7) and point out that
the regularity of V implies that 3,(V) = O(1/n?). Invoking representation

(34), results with

232 ([ G)uan) 1, (5) =0 w1235 m08 (3).

Thus, equating the coefficients, we must have now C = —(,(V) and
T n
Tn (7> = — S Mn
[1(3) nta) = ~55,(v)
(z)dx

which, means that p(dz) = wu@’ for

z)=A— i nBn(V) T, (g) .
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Here is the point where we need the C® assumption to make sure this series
converges absolutely since in this case n3,(V) = o(1/n?).
To prove equality (43), our task now is to show that

~ S ns T (2)
n=1

2 2
L [yV'ydy = [ V'(y)dy

2 L, V4 - y? 2_2 /4 — y?

4 — g2 / Vi(y) = V'(z) dy
Xr — 4—y2

Notice that both sides of this equation are linear functions of V' and
thus by a simple approximation argument it suffices to check it for the case
of V(z) = T,(5) for some m > 1. After making the change of variables
r = 2cosu,y = 2coswv, this identity reduces to checking that

T T

1 CoS v sin nw Ccos U sin nv
—cos(nu) = —— - dv — - dv
T sinv T sin v

0 0

do.

sinu / sin(nu) sinv — sin(nv) sinu
™ (cosu — cosv) sinw

Now, instead of checking this we look at the generating functions of the
right and left hand sides. Specifically, using the fact that for —1 < r < 1 and
t € [0,n],

o0

Z Veos(nt) = — ST
1—2rcost + r?

and
> sint
n—1 .;
t) = ————— 44
ZT sin(nt) 1—2rcost + 12’ (44)
n=1
the rest follows from straightforward computations. 0

Proposition 4.1. If p € P([-2,2]) and V is a C? and piecewise C3 function
n [—2,2], then

R = 3o(V) +2 ) (8u(V ) + 0;) (15)
n=1

where

ap, = /Tn (g) u(dx). (46)
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Fl” 1&h67 mor e, we alSO ha,'ve Ihat
IV ‘U, ( [/ 2 ’rlﬂn L 41

n=1
with equality if and only if o, = —Fn(V)/2 and
- x
1- Z nB,(V)T, (§> >0 foranyx € [-2,2]. (48)

n=1

In this case,

p(dz) = (1 -3 0B (V)T (g)) W%. (49)

n=1

Proof. One can write
[V an=) 423 6.00) [ 1 (5) nda) =o+2 " (Ve
n=1 n=1

To prove (47), one needs to complete the square in (45) to get that

oo fo'e) 9
() = Bo(V) ~ % S nu (VY + Z% (an . nﬁnz(V)) |

This implies inequality (47). The equality is attained only for the case «,, =
—M which, cf. (40) determines a measure on [—2, 2] if and only if (48) is
satisfied. The rest follows easily. O

We arrive at a necessary and sufficient condition for deciding that an
equilibrium measure on [—2, 2] has full support.

Corollary 4.2. Assume that V is a C? and piecewise C3 function on [—2,2].
Then, the equilibrium measure on [—2,2] has full support if and only if

1- Z nB,(V)T, (g) >0 forx on a dense subset of [-2,2].  (50)
n=1

In addition, in this case, we also have that

1 o0
inf T =B(V) ==Y np, (V)2
Lepl, V() = Bo(V) 2; Bn(V)

Proof. Condition (50) and the previous Proposition guarantee that there is a
measure g with full support such that f_22 To(5)pu(dx) = f%.

The other way around works as follows. Assume that py is the equilib-
rium measure on [—2,2] and has full support. What we need to show is that

(50) is satisfied.
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Let o, = f T (5)pv(dz). Then, for any other measure v with Iy (v) <
oo on [—2,2], from (45) we obtain that

Iv((1 —e)py + ev)

1 00 V 2
where o, fT . Since IV(MV) is the minimum of Iy (v) over all
probability measures on [— ,2], differentiation with respect to e > 0 at 0

yields
1 1B, (V) ,
- i/ — >
Z - (an + 5 ) (o, — ) > 0. (51)
n>1
Now we consider measures of the form
v(de) = (1 + 0¢(x))py (dx)

where ¢ is a polynomial such that [ ¢ dp = 0 and 4 is small in absolute value.
Applying this for +6, in (51), where ¢ is small enough, we obtain that

5 2 (s "2 [, (5) stavan) o, (52)

n>1

A word of caution is in order here. We need to justify that the measure v has
finite logarithmic energy, namely that

S ([n(5)ax a¢<x>>uv<dx>)2 <.

n>1

This actually follows easily for each polynomial ¢ = T} for some k£ > 0 from
the fact that 27}, T) = Tj,_j) + Tk4 for any k,1 > 0.

Because of (31) we have that 2 [log |z — y|uv(dy) = V(z) + C, almost
surely (with respect to the Lebesgue measure) on [—2,2], and from Theo-
rem 4.1, the density g(z) of py is given by

Z‘) A2+A31‘
dy + 2222520
\/7/ \/4 y2(y — x) v V4 —a?

for some constants A; and As. In particular, since V is C3 it implies that

glx) = mﬁ% for some continuous function h. Since the measure py has full

support, h(z) > 0 on a dense set.
Next, we observe that because (,(V) is square summable in

L3 (11 g (33),,\/%)7
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is convergent in L?(1_ () m/%), therefore we deduce from (52) that

dx
T4 — x?

for any polynomial ¢. This easily implies that R(z) = 0 almost everywhere
and this in turn results with o, = —n3,(V)/2. The rest follows. O

/ R(2)g(x)h(z) —0,

-2

Theorem 4.2. If the equilibrium measure of a V which is C? and piecewise C>
n [—2,2] has full support then,

Iy = inf I
vV enitty gy V)
2 9 2
B / / / aV' (ta)da n V' (tx)da oy
7T\/4—x2 24 — 22 , T4 — 22
2 2

t 274 — 22 T4 — 22

-2 —2

1 2 9
1 / /
=W®—/7—L%1—/@K@E§ n /ﬂﬁﬁ% dt.
0

Proof. According to Corollary 4.2, we have

Iy = 50 -5 Z n/Bn 2~
n>1
Thus our task is to prove that
1 / ; V'(tz)d i ; V' (tx)d 2
L V2:/t /w I GO
272 falV) ) 21\ 4 — x2 , T4 — x2

A polarization argument shows that this is equivalent to proving that for any
C3 potentials Vi and V5

1 2 2
i B 2V (tz)da zVs (tr)dz
5 Z nﬁn(vl)ﬂn(‘/?) - O/t / QWM /2 QW\/W &

n>1

1

2 2
Vi (tx)dx Vg (tx)dx
L [ alw)de 20T (53

/ ) V4 — x2 , ™4 — x? (53)

To do this, because of the linearity in V; and V5 and the fact that polynomi-

als are dense (with respect to C? topology) in the set of smooth functions on

[—2,2], it suffices to check this for Vi(z) = ¥ and Va(z) = 2™. If k or m is

zero, both sides of (53) are zero, therefore we need to check this for k,m > 1.
Now, we use

1 & /on 1 [(2n
2n __ -
€ = 92n—1 ; < k ) T2n—2k(m) + 92n (TL) )
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and

n

n 1 2n +1
I 5 E ( B )T2n+1_2k(a:)
k=0

from which a direct calculation yields

[ 3) i () o

with the convention that ( = 0 for p € Z and ( ) = 0 for p < 0.

p+1/2) P
Therefore, (53) becomes in this case

(1) () (5) ) e (5) (1)

In the case m, k have different parities, then the above expression is 0. If they
have the same parities, the equality follows from the next lemma. O

Lemma 4.3. The following identities hold
Z ( 214 ) ( 2l ) _ hily (211> (212)
” b li—p)\la—p 2(l +12) \ Iy l2
200 + 1\ (2l + 1 (2L + 1)(2l2 + 1) <211) (212>
2+ 1 =
zp:(p )<l1—p><lz—p) i+l +1 b la

with the convention that (f}) =0 forq<0orq>j.

Proof. These identities can be checked with the zb package written for Math-
ematica. For details on this we refer the reader to the wonderful book [35]. For
completeness we give here the main calculation.

The first identity is equivalent to

2p(l1 + 12) (llzl—lp) (ljlfp)

h(ly,lg) = — = 1.
P l1l2(111)(l22)
Let us denote
21 21
F(l1, 1o, p) = 2+ 1,2,

202 P) — 201\ (21

lll?( zll) ( 522)

The idea of the zb method for our case is to write

f(ll + 1712717) - f(lth?p) = g(ll7l2up+ 1) - g(l17127p)' (55)

and this proves that for all [y > 1 one has h(ly,ls) = h(1,l3). Since it is is
immediate to show that h(1,ls) = 1, the rest follows as soon as we know that
g(l1,1l2,p) =0 for p =1 and for large p.
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The whole point of the zb method is to actually compute the function
g(l1,12,p). We will refer the reader for the details to [35] and will give here
just the results obtained with Mathematica.

2141y (2l3—1
2p( - 1)(l11+p)(1227p)
n2h +1)(3) (32)
Notice that for p > min{l; + 2,1 + 1}, g(l1,l2,p) = 0. One can directly check

(55), by dividing both sides by f(l1,ls,p) which reduces it to an identity in
the field Q(l1,l2,p).

For the second identity, as in the preceding argument, we want to show
that

g(l1,l2,p) = —

@p+ 1)L+ 1L+ 1) (R

h(l17l2) _ li—p lo—p =1
ZP: (20 + 1) + 1) (3 (G2)
Defining
201 +1Y (202+1
f(li,l2,p) = 2p+1)(lh+12+ 1>(111+p)(l22j1’)

ll lz
2L + 1)L +1)(3) (32)
the corresponding companion in this case is

p(l2 +1)° (zfli;fl) (lflfp)

() ()

Equation (55) is satisfied and g¢(l1,l2,0) = 0 and g(l1,l2,p) = 0 for
min{l; + 1,12 + 1}. This proves that h(ly,l2) = h(0,l2). Now, h(0,l2)
which ends the proof. O

g(l1,12,p) = —

Before we state the next result, for a C? potential V', we define

V’ (cx+b)—V'(cy+b) dy
-y /A —y2
Theorem 4.3. Assume V' is an admissible potential on R. Then the equilibrium

measure on R associated to V' has support the interval [—2c¢ + b, 2¢ + b] if and
only if (c,b) is the unique absolute maximizer in R x R of

Ve (56)

2
1 dx
H(c,b):=loge— = | V(cx +b)—— 57
(c.0) = log 2/2 (e + D) 67
and
Ype >0 on a dense subset of [—2,2]. (58)

If in addition V is a C? and piecewise C3 potential on a neighborhood of the
support [—2¢ + b, 2¢ + b], then (b, c) is a solution of

s yexV'(cx 4+ b) —A— =2
f V’cac—&-b)m—o.

(59)
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In this case the equilibrium measure py is given by

Upe((x = b)/c)\/4c? — (x — b)*

d
2cm .

pv(dr) = Li_oetp 2044 (2)
and

2

V(ex + b)dz

Iy = —loge [ LI
v 8¢ ™4 — z?

c 2 2 2 2

/ / 2V (sx + b)dz n / V'(sx + b)dx d
— s _— _— s
) 24 — 22 T4 — x?

=V(b) flogcf/é
0
2 2 2
wloia 1o / szV'(sx + b)dx n / sV (sx + b)dx ds.
2mvV4 — x? 4 — 2?

(60)

Proof. If the support of uy is the interval [—2c¢ + b, 2¢ + b], we have to prove
first that (¢, b) is the unique absolute maximizer of H. The function H appears
in the literature as the F-functional of Mhaskar and Saff (see for instance [37,
page 194]) and for the sake of completeness we adapt the proof of this first
part from there.

Define the arcsine law of the interval [—2c¢ + b, 2¢ + b] to be

dx
Wep(dr) = L[_2ctb,2048] (30)7T (R s

A simple rescaling of Eq. (37), shows that [ log |z — y|w.(dy) > log(c) for all
x, with equality only for z € [-2¢+ b, 2¢ + b].

Integrating Eq. (31) against the measure w. p yields that

[ V@@ ~2 [ [1ogle - ylwe @y = €
and thus, after interchanging the integrations,
/V(x)wcl,b/(dz) —2log(c) > C.

Because (31) is equality quasi-everywhere on [—2c+b, 2¢+ b], this implies that
we have equality in the above inequality for ¢/ = ¢ and ' = b. In fact, this is
the only case of equality as otherwise

C = /V(a:)wc/’b/ (dz) — 21og(c’)

> [Vow(ds) -2 [ [logls - yloww(dov(dy) = C.



522 S. Garoufalidis and 1. Popescu Ann. Henri Poincaré

hence we must have that py almost surely, log(¢') = [log|z — ylwe » (dy),
which according to (37) is possible if and only if wc/’b/ is actually equal to wep,
or ¢ =cand b =b.
From (57), upon differentiation with respect to ¢ and b, we deduce that
2

/ cxV'(cx +b)

2
which combined with (43) proves (58).

To prove the converse, notice that because (¢,b) is a maximizer of H,
we have (61). It is then clear that the uy solves Eq. (43). What we have to
prove is that this measure satisfies condition (31). To this end, it is sufficient
to prove that for any b’ € R and ¢/ > 0 one has

/(W@—Q/bmx—MMWMOW¢M®ﬁEG

Switching the integration in the double integral, and performing some elemen-
tary calculations, this inequality becomes equivalent to

V(dz+V) dz
/W - 2//103 |z — ylwe b (da) pv (dy) = C.

This inequality is equality for ¢/ = ¢ and & = b, and thus C = —H(c,b). If ¢
and b’ are arbitrary, the inequality is a consequence of the fact that the left
hand side of this inequality is greater than or equal to —H (¢/, ") which in turn
is by the hypothesis > —H(c, b).

Identity (60) follows from Theorem 4.2 applied to V(z) = V(cz +b). O

dx

™4 —x

dx
—2 and [ V'(exr+b)——r =0 (61
wd [ Vi sy o <0 @)

2

In the case of even potentials, we know that the equilibrium measure is
symmetric and thus in the preceding result we can always assume that b = 0
and this deserves a special statement because of its simplicity.

Corollary 4.4. If V is a C?, piecewise C* and even satisfying (5), its equilib-
rium measure is supported on the interval [—2c¢,2¢] if and only if ¢ > 0 is the
unique maximizer of

2
—logc — / V(cx)
s ) T4 — x?

and

2
/ V'(ex) — V' (cy) dy

m\/4 — y?

is positive on a dense set of [—2,2]. In particular ¢ solves
2

/C.Z‘V/(CJZ)\/% =2. (62)
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In this case the planar limit is

) 2
Iy =V(0)—1o c—/} -1+ 1—/sxV’(sm)d7x ds. (63)
v 5 T ™4 — x? .

c

We point out here an interesting property, namely, that the solutions
(¢,b) of the system (59) are critical points of the functional Iy from (60).

Proposition 4.5. Let V be a C! potential on R and consider

2
Iy (u,v) = _10gu+/w

V4 — x?
u 2 2 2 2
—/s / V' (sx + v)dx n / V/(sz +v)dx ds
) , 2n\V/4 — x? ) 4 — z? .

If (¢,b) satisfy

2
V'(cx + b)dx

™4 — x?
then
T
Ovi (64)
ov (e.b)
If (c,b) satisfy (59), then
I
%—V =0. (65)
Ule)

In particular the critical points of H from (57) are also critical points of Iy .

Proof. To see (64), after differentiating with respect to v, we need to show
that

2
oIy _ [ V(e +b)dz
ov (¢,b) ) V4 — a2

c 2

/ 1"
+///s(my+4)v (sz+b)V (sy+b)dmdyds:0.
4r2./(4

Now we present the following result.

(V]

0 —2-2
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Lemma 4.6. If U € C'([-2,2]) or is a formal power series, then the following
holds
12 2 DU ()"
/// (a;y + 2836)4 (Sg) du dy ds
) )] T a )
2

:/W\Z(L)ﬁ dx/l/zm dy ds. (66)
0 -2

-2

In particular, if U satisfies,

then

s

Proof. By polarization, it suffices to show that for any two C'! potentials or
formal power series, U; and Uy on [—2, 2], we have that

1 2 2
///8:cy+4 ) (U ( SfE)Uz(S?/)+U2(Sx)U1(8y)dxdyds
0 —2-2

(4 —2%)(4—y?)

dy ds.

12
N / )y, | / U (s9)
T4 — 2 A T4 — y?
It is clear now that it suffices to check this for U (z) = 2™ and Us(z) = 2™,
which, with the help of (54), becomes

) (i) () ()]
() 5 () ()

Here we use the convention that (’;) = 0 if b is not a nonnegative integer. As
long as n and m have the same parity, both sides of the above expression are
0. Also due to the symmetry in n and m, it suffices to check this for n = 2k
and m = 2] + 1. In this case, it is easy to prove that both sides are equal to
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204+ 1 2K\ (21
20+ 2\ k 1)

Taking U(x) = V'(cx+b) in the lemma, after a simple change of variables,
the rest follows.
Equation (65) is clear from the fact that

Iv(u,v) = V(v) — logu

O

2 2 2 2

“ 1 ! /
B / R 1_/5$V (sx +v)dx n / sV (sx +v)dx ds.
s 24 — 22 ™4 — x?

0 —2 —2

and thus the u-derivative vanishes under the condition of (59). O

5. Examples and Computations with Analytic Matrix Models
5.1. Cases of One-Cut Potentials

With the result from Theorem 4.3, it is instructive to recover the classical
results (see [37] where weaker regularity conditions are required) which guar-
antee that there is a one interval support of the equilibrium measure.

Corollary 5.1. Assume that a C® potential V satisfying (5) is either convex
or even with xV'(x) increasing on [0,00). Then the equilibrium measure has
one interval support and the mazimizer is non-degenerate (i.e. the Hessian of
H is invertible at the mazimizer). In addition, the function ., is positive on
[—2,2].

Proof. First, we need to check that the function H (b, ¢) has a unique maxima.
In the case V is convex, we show that H is concave. Indeed, the hessian
of H at (¢,b) is

1 r2 2’V (cztb)dz 2 zV'(cz+b)dx

(HessH)(c,b) = ¢ J=2 amva—a? —2 2mv4-a?
’ (2 aV'(ca+b)dx (2 V'(ca+b)da

-2 27V4—22 -2 27\/4—22

and strict concavity is equivalent to
2

1 / 22V (cx + b)dx

2 oz 0 and

c2

2 2 2
1 [V"(cx+b)dx V"(cx +b)dz [ 2*V"(cx + b)dx

c? 24 — 22 24 — 22 24 — 22
—2 —2

= 2 2
3 / V" (cx + b)dx

> 0.
2mv4 — 2
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The only way either of these fail is if V’(cz 4+ b) = 0 for all z € [—2, 2], which
implies V(z) = Az 4+ B for some constants A, B and all x € [-2¢ + b, 2¢ + b].
This in turn results with F(¢/,b’) =log ¢ — B for all ¢/ < ¢ which contradicts
the assumption that (¢,b) is a maximizer of F.

On the other hand, one can easily check that H is concave on (0, 00) x R.
This combined with strict concavity near (c,b) implies that the maximizer is
unique.

In the case V is even and V' (x) is increasing, we may assume that b = 0
and thus the function H becomes a function of one variable with

H()==-— | 2257
(c) 2nv4 — a2 ¢ ) V4 — z2

2 2
1 / oV'(cx)dr 1 {— cxV'(cx)dx
c

Now, since the function zV’(x), is increasing, one can see that cH'(c) is
decreasing and thus there is only at most one critical point of H. On the
other hand, one can check that there is a maximizer of H(c), hence we deduce
that there is such a unique maximizer.

In addition to this, the Hessian of H(c,b) at the maximizer (c,0) is

1 _ (2 2?V7(cx)da 0
(HessH)(c,b) = [ “ T2 Vel 2 V'(cx) dm‘|
0 _f 2 2m\/4—z?

Now, using the fact that H'(¢) = 0 and a simple integration by parts reveals
that

2 2
1= / caV'(cx)dr / AV (cx)V4 — x2dz
LN = 2

—2 —2

2 2
/ 42V (cx)dz Ax?V" (cx)dx
2nV4 — 2? , 24 — 2

which implies

4/2 V'(cx)de 1 Jr/QxQV”(c:z?)d:r *)

orvA — 22 2 o4 — 22

Z2 22
Now, if we denote g(z) = zV'(x), then g is an increasing function on [0, o0]
and therefore 22V"(x) = xg'(z) — g(x) > —¢'(z) for all z > 0. In particular
we obtain that c22?V" (cx) > —g(cz) for all z € [0,2]. Furthermore, from the
equation determining ¢, we get
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which in turn implies

2 2
1 A2V (cx)dx - 1 1 g(cx)dx _o
c? v 2 ) aA—a?

0 0

and this means that quantities in (*) are positive, thus the Hessian of F at
(¢,0) is non-degenerate.

Having checked the uniqueness of the maximizer, we need to check the
other condition. In the case of convex potentials, the non-negativity of v

follows from the fact that V/(cw%a);gl(cyw) >0 for all z,y € [—2,2]. Further-
more, ¥ p(x) = 0, enforces V' (cx +b) = V'(cy +b) for all y € [—2, 2], which in
turn yields V' (c-+b) is constant on [—2, 2], something which is contradicted by
the assumption that (¢, b) is a maximizer of H(c,b). Hence we actually obtain
the stronger conclusion, namely . ;(z) > 0 on [-2,2].

In the case V is even and zV’(x) increases on [0, 0c], one can show that
1. is an even function and with simple manipulations of integrals that

2
_ [aV(cx) —yV'(ey) dy
%(x)—o/ x2—y2 - /47y2

which makes clear that ¢.(x) > 0 for all x € [-2,2]. O

5.2. Analytic Planar Limits of Various Even Potentials

In this section we explicitly compute the planar limit of some 1-cut potentials,
illustrating the formulas of Sect. 4. A typical example is the case where V
is a smooth potential, which is analytic near the support of the equilibrium
measure.

The easiest to deal with is the case of even potentials because in this
case we can invoke Corollary 4.4 and reduce the problem of determining the
support of the equilibrium measure to the maximization of a function of a
single variable. In this case the planar limit is actually a one variable function
of the right endpoint 2¢ of the equilibrium measure.

Assume that V' is an even potential such that it has a power series expan-
sion valid on a neighborhood of the support:

o 2n
x
V(z)= n—- 67
©) =3 angy (67)
In this case, from Corollary 4.4 we learn that
2
1 X ag, 2™ x?dx 1 < ag,c2" (2n
H(c)=1 - = =1 - =
(c) =loge 221 om ) rvd_a2 8¢ 22:1 o\ n
n= ) n=

where in the last equality we used Eq. (54). The critical points of this function
satisfy (62) which becomes

i agn ™ (i’:) =92 (68)

n=1
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If ¢ is the maximizer of F', then, again from Corollary 4.4 and (54), the planar
limit is given by

1 1 o\ \
n
Iy = —1 S | 1—72 L2 dt.
v OgC+/t +< 9 1&2 (n>>
0 n=

Ezample 5.2. For V(z) = agn%, with ag, > 0, and n > 1, the support of the
equilibrium measure is [—2¢, 2¢|, where

_a
Aoy [ 21 2n
c=|— .
2 \n
In this case, the equilibrium measure is

1
pv(de) = Tiooe0(2) 5 —e(v/c)Vide? —a2da,

n—1
Ye(r) = agnc®™ ! Z (2ll> 2=

1=0
and the planar limit is
_logag, | log((3)/2) 3
2n 2n 4n’

To see this, one has to realize that (68) becomes in this case

2
a2n02”< n> =2
n

which has only one positive solution, and this is the maximizer of H(c) =
logc — ‘1227;% (25) The rest of the equalities are straightforward calculations.

It is worth pointing out that in this example the potential is convex and
thus, the equilibrium measure must be supported on a single interval.

For n = 1, we recover the semicircular law.

Iy

Ezample 5.3. Assume V(z) = agn% +a2m““;—:: with as,,, >0and 1 <n <m.

In this case the equilibrium measure has a single interval support if and only
if

a2n Z _Cnma;nnf/bn (69)
where
9 7 m—1 (2l)tm7171
Cnm = Knm TN ons o ith Knm = i =0 4 .
((%::) - (2:>Km> b ool i ()
(70)

In this case, the support of pv is [—2¢,2¢] where ¢ is the unique positive

solution to
2 2
a%c?”( ”) + a2m02m< m> =2, (71)
n m
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the equilibrium measure is

wy (dz) = il[,gcgc] (X)e(x/c) VA — 22 dx

2mc
(2 el ral
Ye(z) = agncznfl Z ( [ >$2(n11) + CLQmCZm—l Z ( l )x2(ml1)
=0 1=0
and the planar limit is

Iy = —loge+ Aag, (20 n A a9, (2m
2n n 2m m

A gy ag,, (20 (2m a2 (2n\° Ama2 . (2m\?
4(n+m) n)\m 16n \n 16m \m /)’

To prove these, we need to look at the critical Eq. (68) and notice that

for
2 2
fle) = a2n62"< n) - aszQm( m) -2,
n m

2 2
f'(c) = 221 (nagn( n) + mangQ(m_”)( m)> .
n m

It is clear that f’ has at most one positive root. If ¢y > 0 is the positive root of
1!, then f/(¢) <0 for 0 < ¢ < ¢y and f'(¢) > 0 for ¢ > ¢o. If ' does not have
any positive root, then f’ > 0. Since f(0) = —2 and f(o0) = oo, it follows that
f must have a unique zero which in turn is the unique maxima of H(c).

Now having proved that there is a unique maxima, we need to check the
second condition from (4.4). That boils down to

Ye(x) =0

on [—2,2] with strict inequality on a dense set. This is equivalent to

one has

m—1 /2] 2(m—1-1)
2m—2n 241=0 (l)‘r

2 (o

Q2p 2 —a2C

for all « € [—2,2] which in turn is satisfied if and only if

agp 2 _a2m02m72nKnm
where K, is defined by (70). On the other hand from the critical Eq. (71)
replacing as,, we arrive at

2m (Qm

2 — agmC
m) Z _a2m02mKnm

()

and thus, after noting that K, < (2777?)/(2"), is the same as

n

9 1/(2m)
c < o - .
(an((%n ) - K"m (2n ))>
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For the function f, we know that f(x) < 0 if and only if < ¢. Thus, we have
the second condition in Corollary 4.4 satisfied if and only if

) 1/(2m)
(azm«%:;ﬂ) —Knm<2:>>> =0

which is equivalent to Eq. (69).

The constant K, from (70) depends only on n and m. It can be explic-
itly computed in the case n = 1 and any m > 2 as the minimizer is ¢ = 0 and
thus Ky, = (szz)/(gmfg) and then a simple rearrangement reveals that

m—2 m—1
Gy

m = o 1"
"

In general, it does not seem that one can find an explicit algebraic expression
of the minimizer in (70). For the case of n = 2 and m = 3, we have an exact
solution as the minimizer in the expression there is t = —2 + V6 and then in
this case Ka3 = 2¢/6 — 2 which produces

Cos = \/4+ V6.

The root ¢ from Eq. (71) does not have a simple representation in general.
However, in some cases it can be solved explicitly. For example if m = 2n, one
has

1
a3 (®) + /a3, () + Saan ()
201 (37)

and similarly there are algebraic expressions in the case m = 3n orm = 3k,n =
2k and also m = 4n or m = 4k,n = 3k, but we omit the lengthy formulae
here.

C =

Corollary 5.4. For the quartic potential

22 x?

Viz) = az— + a4
the equilibrium measure has a single interval support if and only if as > —2/ay

in which case
1

h(x) = %ﬂ[f2c,26] (x)\/mah + aqz?)
. \/—a2 + a3 + 12a4
B 6a4

. 2as + /a3 + 12a4
2 p—
3
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1 Vai+12
]V3+210g<a2+ 6122-1- a4>

8

N —a3 — 36a3a4 + 162a3 + (a3 + 30azay)/a2 + 12a4
13242

We should point out that this example appears for instance in [23].

6. Matching Formal and Analytic Matrix Models

In this section we will prove Theorem 1.2. Our first task is to match the ana-
lytic Eq. (59) of (b, ¢) of a 1-cut potential with the Eq. (13) for (R, S). Consider
a l-cut potential V' and its Taylor series expansion at x = 0:

o0 m”
1) = —
) E Qn n
n=1
Using the key identity

2
dr (n%) if n is even (72)
, i —22 |0 if n is odd

and interchanging summation and integration, (54) gives

_/:ch'(Ca: + b)w\/zil_7 DD (2; - 1> (2]) g2

n>1 j>1

2
dx n—1 ) :
V'(cx +b)——— Z an, Z ( ) ( >023bn—2j—1
[ T4 —z? n>1 3>0

Then, Eq. (59) gives the system of non-linear equations for (b, ¢)

271,21 an 2]21 (27; 11) (J) 2ipn—2i — 9
Zn21 an Ejzo (n2]1> (2]) 2ipn—2i—-1 _

Following the notation of [4], let us use the change of variables (b,c?) =
(S, R) as in Eq. (8). Then, (R, S) satisfy the system of equations

anl an ZjZl (zj 1) (QJ)RJSn =2
an1 an ijo ( 2j )(QJ)RJSH =0

Consider now the 1-cut potential

:L' o0
:?Z::

(73)

(74)
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Then, Eq. (74) gives the system of non-linear equations for (R, S)

2R=2+ Zn>1 Gn Zj>1 (2] 1) (QJ)RJSH 2
S = Zn>1 an Z]>0 ( )(2J)RJSH -t

() =200

it follows that (R, S) satisfy the system of non-linear equations (13).

Observe that for a fixed admissible potential V, Eq. (13) may have
none or more than one real solutions for (R,S) but for small parameters
a = (ay,az,...) in some ¢} for small enough r, R and S become analytic func-
tions of a (see Theorem 12.1). However, it always has a unique formal solution
(R,S) e (1+ AT, AT).

This proves that R = R and S = S in Theorem 1.2.

To finish the proof of Theorem 1.2, we need to prove that the coefficient
of any monomial ai" ...a.* from the power series Fy and Fj are equal. The
important point here is the fact that the each such monomial involves finitely
many ai,ds,...,ar and thus we may assume that all the 1-cut potential is
actually a polynomial.

Now, assume that a,, are all 0 for n > k and consider potentials of the

form
p2k+2
Viz (Z In ) 2% + 2

Using

n=1
For small real parameters aq, as, ..., ax the functions

1 fHN exp(—NTr(V(M)))dM

g a;,a2,...,a :710g
N( 1,02 k) N2 fHN exp(—NTI'(MQ/Z)))dM

are analytic in ai,...,a; on a neighborhood of 0 € RF. Since the limit gu
exists, the limit is going to be also an analytic function in these variables. This
means that at the level of power series the coefficients must converge to the
coefficients of the limit.

On one hand expanding the gy in power series, the limiting coefficient of
af'---ap* is exactly the corresponding coefficient from the formal model. On
the other hand, the limiting function g, is obtained via the potential theory
and using the perturbation theory from Sect. 12, it is easy to see that ¢, b,

the solution of the system (75) are actually analytic functions of ay, ..., ax. In
particular it means that the planar limit Fp is equal to g from (28) and is
analytic, thus concluding the proof. O

Remark 6. 1 From now on, whenever we have a formal potential V = % —

ZZO 1 Gn =, we will use b, c as the solution to (73), which has a unique solution

1 (c,b) € (14 AT, A,
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7. The Planar Limit F,(t) in Terms of R(t) and S(t)

This section is devoted to the proofs of Theorems 1.3 and 1.4. After we discuss
the proofs we give a main consequences of these formulae, namely the fact
that the planar limit enjoys algebricity in some cases which allows complete
description of the asymptotics of the coefficients of Fy.

7.1. Proof of Theorem 1.3

In this section we will prove Theorem 1.3 and the first part of Remark 1.3. In
this section, it will be convenient to use the 1-cut potentials V. and V. given by

~ x? anpx"
Ve(t,o) = 5 = D> =

n>1

22 a tn/an

Ve(t,z) = 5 Z nT
n>1

For simplicity of notation in this section we will drop the dependence on
e from the writing of V, and V..

We start by setting ¢(t),b(t), and &(t),b(t) to be the power series solu-
tions to (73) corresponding to potentials V), respectively V. From the fact that
V(t,z) = V(t,V1x), we easily get that

&(t) = Vte(t) and  b(t) = Vib(t). (76)
Then V(t,z) = 2% — W(z) and the system satisfied by &(t),b(t) is given

by
2 \ ~ 7 z
I, 01V (0, 2(0) + (1)) g = 2 -
5 -
S5Vt etz +b(1) 4= = 0.
where the derivative V' (¢, ) is taken with respect to z. Set now,
2
I(t) = —log &(t) / V(t,é(t)x + b(t))dz
/4 — 22
22
&) 2
/ /xV’(t s+ b(t /V’ (t, sz+b(t))dz
— [s ds.
) 24 — xQ T4 — x2

Taking the derivative with respect to t,

N
—
~
N
Il
\
L
~
S~—
—
Q
3
—~
-y
S~—
8]
+
o
—
~
Nt
At}
/\\
\‘k‘%
o
—~
-y
S~—
8]
+
o
—
~
N
=
o,
8
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2 -
V' (t,é(t)x + bt

—2

; V'(t,é(t)x + b(t))dx i
* (/ V4 — 22 )

é(t)

—~

—20'(t

/2/2 5 xy+4 V’ (t, sz + b(t ))1}"(tvsy+5(t))dxdyds
—2 -2 (4_552)(4—1/2)

\

o
~

t)

2 Y b
/8 J:y+4 V’ (t, 5 + bOV'(E sy + 5(0) 4 g,
S A-a)E—y?) |

o —
“\N o

where V(t,z) is the derivative with respect to t. Since V(t,z) = 2t2, the

system (77) and Lemma 4.6, we can simplify this to

17 (&(t)x + b(t))2dx

T(t) = ——
®) 2t2 T4 — x?

/2 / s(oy + OV (1 sz + DOy +0) g oo
] An2\ /(4 —a?)(4 - ?)

/ s(sa + 2b(t)) V' (¢, sz + b(t)) dz ds.

- | iz

Next, observe that for any continuous function f : [—2¢,2¢] — R with ¢ > 0,

one has

c 2s/c

_ C/ / 8(cy+2b)f(cy)dyds
r=cy/s /482 — C2y2

0 —2s/c

sley + W) Flew) 4

2
= c
Fubini / / /482 — C2y2

—2clyl/2
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2

— & / (cy +2)fe)VI—y* |

47
)
1 2¢c+b
= — z4+b)f(z —b)\/4c? — (z — b)2dz.
A IR RN =R e
—2c+b

Going back to the previous equation we now have

e(t) 2
2
//ssa:+ b(t)) (t5m+b())dxds
T4 — 22
0 2
28(t)+b(¢)
1
- = / (2 + D)V (1, )1/ 46(1)? — (= — B(1))2dz.
—28(t)4-b(t)

Take the derivative with respect to ¢ and observe

2&(t)+b(t)

jt / (z +b(2) tZ\/4c — (2 —b(t))2dz
—28()+b(t)
2&(t)+b(t)
= / V)V (t,2) \/40 — (2 —b(t))2dz
—2E(t)+b(t)
2E(t)+b(t)
+ / (z + b))V (t,2) -
—23(t)+b(t) \/45(t)2 — (2= b(1))?
2G(t)+b(t)
+ / (z+ b(t))f)’(t, z)\/4é(t)2 —(z— E(t))de
—2&(t)+b(t)
28(1)+b(t)
= / V/(t, z)

—2E(t)+b(t)

X

—2D(t)2 (t) + 4()2V (t) + 4 (£)é()b(t) + = (26'(15)5(15) + 46’(t)c(t))

535

2&(t)+b(t)
- / (z+b(t \/40 — (2 — b(t))2dz.

—22(t)+b(t)

dz
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Changing the variable z = ¢(t)x + b(t) and using the system (77), we obtain
2&(t)+b(t)
4 / (z+ b))V (¢t z)\/45(t)2 — (2 —b(t))2dz
dt ’
—2&(t)+b(t)
= 4m(b(t)D' () + 26(t)E (t)) — 2me(t)(2b(t)? + &(t)?) /12

Therefore we arrive at the equation
d{ b(t)?
tQI/t A t27
(PT (1)) &<4> .

+(b()V (t) 4 2¢(t)E (1)) —

&(t)*(2b(1)* + &(1)*)
2t2 '
Since Fyo(t) = 2 — Z(t), it implies

&(t)*(2b()* + &(t)°)
22

S2(t) +R2(t)

5 .
This is exactly the statement from (20). To prove also the statement from (19),
namely, that

Foolt) = 2 / (t = 5)(2Re(5)S2(s) + R2s) = 1)

27 (1)) = e

t 2s
0

denote the right hand side by G(¢) and notice that both sides satisfy the same
differential equation, namely
(t*G' (1) =
In addition, a direct check reveals that
Fo,e(0)=G(0) =0, F;.(0)=G"(0)=ai/2+az/2

which actually follows from the fact that R(t) = 1 + a1t + O(t?) and S(t) =
V'ta; + O(t) (see for example the formulae in Appendix A).

7.2. Proof of Theorem 1.4

In this section we will prove Theorem 1.4 and the last part of Remark 1.3. It
will be convenient to use the 1-cut potentials V; and Vy given by

_ 2 n
Vi) = &~ Z fut

2R(t)S2(t) + R2(t)
5 .

2 n
n>3
Vi(viz) _a? 2 gt
V() = TV _ TS ET o
k>3

As we did in the previous section, for the sake of simplicity we will drop
the dependence on f from the notation V¢ and V.
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Define c(t),b(t) and &(t),b(t) the power series solutions to (73) corre-
sponding to V and V/t. Then, one can easily check that

&(t) = Vic(t), b(t) = Vib(t). (78)
The corresponding system of equations for é(t) and l;(t) is

Sy )2V @0+ b(0) s = 2t
2, V' (Et)a + b(t) —2— = 0.

4—x2

(79)

Now set Go(t) = —t2IO_’9/t. Thus

V(E(t)x + b(t))dz
V4 — 22

é(t) 2 2

[ <ﬁ“>

2

/V’ sa:—|—b ds.

s 4—x2

Go(t) = t*logé(t) —t

b —

Differentiating this with respect to ¢ and keeping in mind the system (79), we
get

Go(t) = 2tlog &(t) — / V(Ei)\j%_bg)dx

t) 2
/2

Now, taking U(z) = V'(é(t)z+b(t)) in Lemma 4.6 and a simple change of
variables proves that the last term of (80) becomes 0. Thus, we can continue
(80) with

o
—~

s xy+4 V/(Sl’+b( £)V" (sy + b(t))
(4—2%)(4—y?)

+20'(t) dx dy ds.

o\
L "

(80)

Go(t) = 2tlogc(t) — / V(éi)fil"‘\/_ibg)dx

Differentiating this with respect to ¢, and using again the equations from (79),
we obtain

Gy (t) = 2log &(t).
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In other words, integrating this twice and keeping in mind that Go(0) =
G4(0) =0, we get
t
Go(t) =2 /(t —u)log ¢(u)du.
0
Now, one has to notice that an easy calculation yields,
5 32 2 / /
t“Fo(t) = T~ 5logt+gg(t) = 2/(t —u)log c(u)du = /long(u)du,
0 0
from which Theorem 1.4 follows.
7.3. Proof of Proposition 1.8

Part (a) and (b) of Proposition 1.8 follows from Theorems 1.3 and 1.4.
Part (c¢) and (d) follow from Proposition 1.7.

8. The Planar Limit for Extreme Edge Potentials

In this section we will compute the planar limit for five extreme formal poten-
tials.

8.1. Exact Formulae

Consider the extreme formal potentials Vi (x), V¥ (z) € Q[[[t'/?]][[z]] given by

2 2 & tann

T 1 x
v = 4+ Zlog(l —tz?) = = — 1
V(e = gloal -t = - 30 (81)
22 22 tn/an
= — +log(1l — = — — 2
Ve(x) 5 + log(1 — Vtz) 5 Z:l - (82)

These potentials correspond to counting planar diagrams with even respec-
tively arbitrary valency of the vertices and a fixed number of edges. Their
corresponding invariants b = S, = b(t) = Sc(t) is an element of Q[[t'/2]], while
¢ = c(t) while Se = Se(t), Re = Re(t) and Fy e = Fo(t) are elements of Q[[t]].
Our next proposition summarizes the algebraic properties of these elements.

Remark 8.1. For simplicity of writing, in this section we will omit the subscript
e in writing Re, Se, Fo.c-

Proposition 8.2. 1. For the potential VS, we have

St)=0
R(t) = 1+4t—8t\/m
Folt) = 1— 24t + 726 — (1 - 200)vT =8 §1og1_4t+‘/1_8t
128¢2 8 2
- % + % + 263 4 Tt + U‘%ﬁ +132t% + A576¢7 + 3432t% + O(t'Y)

(83)
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2. For the potential V,, we have

1—/1-12¢
6vt
1412t —/1T—12¢
R{t) = 18¢
1—36t+162t2 — (1—30t)yT—12t 1. 1—6t++/1—12¢
Fo(t) = 5162 —5log 5
. 9t* Loy 189t* N 1458¢° N 8019¢t° N 104247¢7 L o)
B 4 4 5 4 7
(84)

Proof. Solving the nonlinear system of Eq. (13) for our formal potentials V()
and VSV(x) seems at first an impossible task. Instead, we will use the analytic
ideas from Sect. 4 to translate this system into a more tractable one.

In Sect. 6 it was shown that Eq. (13) for (b,c?) = (S,R) are exactly
Eq. (59) for (b,c) in case of admissible analytic potentials. The proof also
works for formal potentials, too, such as our potentials V.(z) and V¢V (x).
Proposition 4.5 implies that Eq. (59) are the critical point equations for the
function H(b, ¢) from Eq. (57). The last function can be computed explicitly
for the two formal potentials Ve(z) and V().

To prove part (1) of the proposition, VSV is even so b(t) = 0. Computing
the function H gives

2
| / log(1 — tc?a?)dx

H(c) =loge— — — =

(¢) =loge—5 — 7 T
o c 1op L V1 —4tc?
TBCT Ty T e 2

and thus

1 1
H' (c :(1—2c2+>.

(c) 2c V1 — 4tc?

The solution ¢ to H'(¢) = 0 such that ¢(0) = 1 satisfies a quartic equation
4t 4+ A(-1—4t)+t+1=0

and it is given by

1+4t—+1-8t
c(t):\/ ”

Given b(t) and c(t) together with (19), we get (83).
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For part (2) of the proposition, observe that By Eq. (37) we have:

2

2 b2 1 [log(l — Vtex — V/th)d
H(b,c):logcfc—f—ff/()g( vier — Vib)da
2 4 2 4 — 12
)
2 1 1—tb+\/(1—\/%b)2 — 4tc?
=log(c) — ———— = og .
2 4 2 2
The critical point (b, ¢) satisfies the system
_ 2 2tc? _
1-c+ (1=VIb+/ (1= V/tb)2 —4tc2)\/(1—/tb)2 —4tc? 0
(85)
—-b + # =0

V(1—/1b)2 —4tc?

Solve for \/ (1 —V/th)2 — 4tc? = \/t/b and plug it in the first equation which
becomes

2c%t
11—+ ¢ =0

(VE/B) (L — bVE+ VE/b)

In turn, this implies
2_ b+ Vit — b3/t '
b+ Vit — 3021

We need to pick the solution ¢ which for ¢t = 0 is 1 and thus

Vb +Vi— b2V
Vb Vi3V

We go back to the second equation of (85) and solve for ¢ as a function of b
to get

2o (1—bv)20? —t
4tb2 '

Equating now the two expressions of ¢? in terms of b shows that

b+ VE—b2VE (1 bV —t

b+ VE— 302Vt 4tb?
This implies that b satisfies

(=b — Vit + b*V1)2(=b 4Vt + 36*V/t) = 0.
There are four solutions to this equation,

1—+1-—12¢ 1++1—12¢ 1—+1+4+4t 1++1+4t
6vt 6vt 2vt 2Vt

Since b(0) = 0, this eliminates the second and the fourth solutions. To decide
which one is the right one, we notice that ¢(0) = 1 and this implies
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b 1—+v1-12¢t and \/1+12t\/112t
= 11 C = .

NG B 18t
Now using (19) one concludes (84). O

8.2. A review of Holonomic Functions and their Asymptotics

In this section we briefly review some standard facts about holonomic functions
and their asymptotics from [35]. Recall that a formal power series

flz) = Z anx" (86)
n=0

is holonomic if it satisfies a linear differential equation
d
S e5(2) 9 () = 0
j=0
where ¢;(z) € Q[z] for j = 0,...,d with cq(x) # 0. A sequence (ay) is holo-
nomic if it satisfies a linear recursion

> yi(n)ani; =0
3=0

for all n € N where v;(n) € Q[n] with ~,(n) # 0. It is easy to see that a
sequence (ay) is holonomic if and only if the generating series (86) is holo-
nomic. Of importance to us are algebraic functions y = f(x) i.e., solutions to
polynomial equations
d

> i@y’ =0 (87)

j=0
where ¢;(z) € Q[z] for j =0,...,d and c4(z) # 0. Algebraic functions regular
at x = 0 are always holonomic; see for example [9]. Moreover, algebraic func-
tions regular at x = 0 have holomorphic extensions to a finite branched cover
of the complex plane branched along a finite set of algebraic points, given by
the roots of the discriminant of the polynomial (87) with respect to y. Locally,
at a point = xo € Q of the field of algebraic numbers, an algebraic function
y(z) has a convergent power series expansion of the form

yla) = Z Cnya(T — xo)"/?
n=0

for some natural number d and for algebraic numbers ¢,, /4. This is the content
of Puiseux’s theorem [8,40]. If y(x) is regular at = 0 with Taylor series

o0
y(z) = Z anx”
n=0
the asymptotics of the sequence (a,) can be computed explicitly by the sin-
gularities of y(x) which are nearest to = 0. The computation also includes
the Stokes constants. A computer implementation of the rigorous computation
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is available from [24]. In fact, (a,) is a sequence of Nilsson type discussed in
detail in [20].

8.3. Holonomicity and Asymptotics

In this section we illustrate Proposition 1.8 with the concrete examples of the
extreme potentials and study the coefficients of the Taylor series (f,) of the
planar limit written as

Fo(t) = fat™
n=1

Proposition 8.3. (1) For the potential V¥, R,Go = Go(t) = Fi(t) and Fy
satisfy

AR*t —R(1+4t) +t+1=0
64t3G2 + (48t% — 24t +2)Go + 9t —1 =0

88
3+6(4t — 1) Fy+2t(8t — 1) F] =0, Fo(0) =0, F)(0)=1/2 (88)
n+3)n+1)fos1 —4n(1+2n)f, =0, n>1, f1=1/2.
In addition,
3(2n — 1)l2n 1t
Folt) = 82n Z 2, (89)

= nl(n +2)!

and for large n, the asymptotics of f, is

3 8" 25 945 16275 1
S 1- 22 _ o(=)). 90
f 4y/m n7/? ( 8n " 12802 10247 (n4)) (90)

(2) For the potential Ve, we have that S, R, Gy = F{) and Fy satisfy
3VES? — S+ V=0
MR* — (12t + )R +1=0
108t3G2 + (108t* — 36t +2)Gy + 27t —2 =10 (91)
3+3(6t — 1) Fy+t(12t — 1) F =0, Fo(0) =1, F(0) =1
(n+3)(n+1)fop1 —6n(1+2n)f, =0, f1=1

In addition,

and for large n,
2 127 25 945 16275 1
n=—"—m=—rm 1"t = +0 (=] 93
f V/mnT/? < 160 " 25602 ~ 20487° T (n4>) (93)
Proof. It is straightforward to see that (88) follows from (83) while (91) from
(84).
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For (1), a direct check proves that Fy(t) solves the third equation of (88).
This immediately implies the recurrence on f, and then the closed formula in
(89) which in turn combined with Stirling’s formula leads to (92).
Another way of checking the closed formula (89) is the following. Observe
by a direct calculation that
(8t — ) Fy" (t) + (28t — 4)FY (t) + 12F)(t) = 0,
Fo(0) =0, Fp(0)=1/2, F5(0)=3/2.
This is a hypergeometric equation, and its solution is given by
3(2n — 1)12n-1
nl(n + 2)!

n
b

Fo(t) = %tg,Fg(l, 1,3/2;2,4:8t) = Y

n>1

where 3F5(a1,as,as;b1,be;x) stands for the hypergeometric function with

parameters aj, as,ag and by, be. This is exactly (89). Using Stirling’s formula
(see [32]), one can easily deduce (89).

For (2), use the same proof as for (1). O

8.4. Three More Flavors of The Extreme Edge Potentials

In this section we will investigate the following three flavors of the extreme
edge potentials (82) and (81), given by

(T4t 1 N tng2n
Vilw) = =7+ Slog(1 - ta?) = §>:2 o (94)
22 2 tn/2xn
Va(w) = 5 + Viz +log(l — Viz) = 5 ; - (95)
(1+t)z? x? tn/2gn
) log(1 — -
Vs(x) 5 + Vtx + log(1 — Vtx) 5 Z - (96)

These correspond to the counting of planar diagrams with a fixed number of
edges and vertices of even valency greater or equal to 4, or arbitrary valency
greater or equal to 2, respectively arbitrary valency greater or equal to 3.

Proposition 8.4. (1) For the potential V1, we have

S(t)=0 (97)
1+5t— /(1 +t)(1 -7
R(t) = 98
®) 8t(1+1) (98)
1—22t4+49t2 — (1 —19t) /(1 +t)(1=7t) 1
Folt) = 252 -3 log(1+1¢) (99)
3. 1-3t+/I+0)(1 -1
—=1
g %8 2
_ N 5¢% N 234 N 515 N 12419 N 2515t7 N 132458 o)
26 8 5 3 14 16 '

(100)
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(2) For the potential Vs, we have

15t —+/1— 10t + 2

S(t 101
(1 G (101)
1414t +t2 — (1 +t)V/1 — 10t + ¢2
R(t) = L MFE =1+ + (102)
18t
Folt) = 1 — 32t + 9612 + 761% + t* — (1 — 27t — 2712 + 3)y/1 — 10t + #2
o 216¢2
1+t++V1—10t+ 2
—log Ralias 5 + (103)
t 32 83 312t°  1076t5  15528t7
=+ — 412t 14508t% + O(t°).
st tg T te— et + O(t”)
(104)
(3) For the potential Vs, we have
1—4t —+/1— 8t — 82
S(t) = (105)
6(1+ 1)Vt
1+ 16t + 16t — (1 + 16t)v/1 — 8t — 812
R(t) = 106
®) 18t(1 + )2 (106)
Folt)

1 — 28t +6t2 + 17613 + 142t — (1 — 24t — 78t% — 52t3)\/1 — 8t — 8t2
N 216t2(1 +t)?

1+2t++v1— 8t — 8t2
2

1
+§ log(1+t) —log
B ﬁ . E . 47t . 1395 n 430t5 . 111757 . 751498
S22 8 5 3 14 16
Proof. We follow the same approach as in Proposition 8.2.
For (1), the function H becomes

(107)

+ O(t?). (108)

2

1+t)c? 1 [log(l— c*ta?)d
H(C):bg“@”/w
2 4 T4 — x?
(1+t)c 1. 1+V1—4c2t
zlogc—T—glogf

and thus

H'(c) = % <1 —2(1+t)c + \/1_174021) .

The solution to H'(¢) = 0 with ¢(0) =1 is

. V145t — AT 0070

2¢/2t(1+ 1)

From this, using (19), gives (99).



Vol. 14 (2013) Analyticity of the Planar Limit of a Matrix Model

For (2), we have
2

1 2 v b/t 1/10g(1—\/fcw—\/5b)dx
0gC— — — — — —— — —
& 2 ™4 — x?

H(b,c) =

545

N N 1—tb+ \/(1 — \/ib)2 — 4tc?

:log(c)fc—f—f—fflog 5

The critical point (b, ¢) satisfies the system

_ 2 2tc? -
I-ec +(17ﬂb+\/(17\/fb)274tc2)\/(17\/fb)274tc2 0

b B
b \/Z+\/(1—\/Zb)2—4tc2 0

The solution to this system such that ¢(0) =1 is given by
\/1+14t+t2— (I+t)v1—10t+¢t2
B 32t

c(t)

and
1—5t—+1—10t+ 2
bit) = .
6Vt
Then (19) together with some simplifications give (103).
For (3) we have

2

1+t A+ b/t 1 [log(l—tex —/th)dx
H(b,c) = logc — - - ==
2 4 2 2 ]
2
B (14+t)c  (1+0)b> b/t
= log(c) 5 1 5
|1 ib (- Vb - dte?
—5 log 5 .
The critical point (b, ¢) satisfies the system
_ 2 2tc? _
1=+ (1=VEb+1/(1—/Tb)2 —4tc?)/ (1—/Tb)2 —4tc? 0
—( )b — i+ ——L —q,

V(- ib)2—4tc?
with the solution satisfying ¢(0) = 1, being
V14 166 4 1622 — (1 + 16¢) T — 8 — 822
c(t) =
(¥ 3(1+t)V2t

and
_ _ — 8t — t2
b(t):l 4t —+/1-8 8.
6(1+ 1)Vt

Finally, using (19) one obtains (107).
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Next we present algebraic and differential equations satisfied by Gy =
F{(t) and the recursion relation for the Taylor coefficients (f,,) of Fo(t) and
their exact asymptotic expansions.

Proposition 8.5. (1) For the potential V1, Gy satisfies
—2t + 13t% + 16t> + 2(1 — 9t + 3t2 + 45¢3 + 321Gy + 64t3(1 4+ 1)2G2 = 0,
and Fo(t) satisfies
H8 + Tt) — 2(3 — 4t — 21#% — 14¢%)F) — 2t(1 — 5t — 13t* — T3 FY =0,
(109)
with Fo(0) = 0, F5(0) =0 and (f,) satisfies
4902 (1 +n) f + 7(1 +n)%(32 4 21n) frp1 + (2 4 n)(544+543n+139n2) fr 40
+(34n)(224 + 1570 4 33n2) frys — 8(24 n)(4 +n)(6 + 1) fria = 0,

with f1 =0, fo = 1/2, f3 = 5/6. For large n, the asymptotics of (f,) is
given by

o e (- 2 s L (1)
(2) For the potential Va, Gy satisfies
1— 13t +22t% — 93 — t* 4+ (=2 + 32t — 108t> + 761> + 2t*)G,
—~108t3G2 = 0 (111)
and Fo(t) satisfies
3—5t+ 12413 —2(3 — 17t + 562 + t3) Fpy — 2t(1 — 11t + 11¢* — t3)F) = 0,
with Fo(0) = 0, F)(0) = 1/2 and (f,) satisfies
(=24 n)(=1+n)nfn —2(=1+n)1+n)(2+5n)fn+1
—(2 4 n)(44 + 25n + 5n?) frio + 4(3 + 1) (116 + 91n + 17n7) fr43

—(4+n)(1326 + 7011 + 89n?) fr 14 + 2(5 + 1) (6 + n)(85 + 19n) fryis
=3B6+n)(6+n)(8+n)fnre =0,

with f1 = 1/2, fo = 3/4, f3s = 8/3, fa = 12, fs = 312/5. Moreover, for
large m, the asymptotics of (f,) is given by

[5+2f L _A5V6 8435 238805V6 (1
Ju RN n7/2 32n  1024n2  32768n3 nt) |’

(112)

(3) For the potential Vs, Gy satisfies
=2t + 11t + 65t + 107t* + 81t + 27t5 + (2 — 20t — 22t + 18413 + 560t*
+700t° + 432t° 4 108t7)Go + (108t% 4 540t* + 1080t° + 1080t° + 540t”
+108t%)Ga = 0 (113)
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and Fo(t) satisfies

—8t — 35t% — 44t3 — 16t* — 6(—1 + 15t2 + 3413 + 28t + 8t°) F)
—2(—t + 5t 4+ 29> 4 47t 4 32t° + 815 F = 0,

with Fo(0) = 0, F5(0) =0 and (f,) satisfies

128n%(2 + n) fr + 32(1 4+ n)(66 + 97n + 27n?) fr 41
+8(2 + n)(1836 + 15687 + 305n2) 4o
+4(3 +n) (9972 + 6193n + 929n?) f, 13
(4 + 1) (54276 + 26661n + 3257n2) f 14
+(5 +1)(38220 4 154790 + 159517) fr, 4 5
+3(6 + n)(3972 + 13490 4 121n?) fo 46
+5(7 4+ n)(36 + 51+ n?) fnyr — 8(6 + 1) (8 +n)(10 + 1) froys = 0

with fi =0, fo = 1/2, f3 = 3/2, fa = 47/8, f5 = 138/5, fo = 430/3, fr =
11175/14. Moreover, for large n, the asymptotics of (fn) is given by

4+ 2v5)" ( 5 (62— 23v6) 35 (4567 — 18581/6)
fn = /2 1- +

—_— o~

8n 64n2
35 (2608410 — 10647676 1
35 VO L o(L , (114)
512n3 n4
with
32
CcC =

31/ (267 + 109v/6)m

Remark 8.6. Notice here that the exponential rates change depending on the
counting problem at hand. Excluding just a few types of vertices leads to
different exponential behavior. It is worth pointing out that in

to™"
n3—7

anC

although the exponential growth rate ¢y depends on the details of the model,
the exponent +y is universal, as was observed in [27] and also in [3, Sect. 2].
The recurrence relations for the coefficients (f,,) are not in general of
the lowest degree. However we did not attempt to simplify them even further
because they are easily deduced from the differential equations satisfied by Fy.

Remark 8.7. The linear recursions for (f,,) or the linear differential equation
for Fy cannot compute the Stokes constants, i.e., the leading terms in the
asymptotic expansion (110).

It is the algebricity of F{(¢) which uniquely determines the Stokes con-
stants. In the case at hand the Stokes constants come from the explicit expres-
sions of Fy.
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Proof. The results from Egs. (109), (111) and (113) follow straightforwardly
from Egs. (99), (103) and (107).

The idea of proving these asymptotics is based on the analysis of singu-
larities as explained in [19]. This is particularly tractable as we have explicit
expressions for the planar limits.

For Vi, from (99) one can see that the singularities of Fy are at tg = 1/7
and to = —1. The smallest singularity gives the leading terms. In our case the
expansion of Fy near tg = 1/7 is

L 121og(2) + 8log(7)) — 31—7t)  137(1 —7t)

16 64 1024
| 343 —Tt)7/2
19 7( oy 0907’
7320 12288 T
9/2
105473(1 — 7t)"* 51793\[ —Tt) ;
1-7t)%).
131072 98304 +O(=70))

Since the main contribution to the asymptotics of the coefficients is given
by the half powers, combined with

1-2) = i(—nk (‘Z) o (115)

k=0

applied for o = 5/2,7/2,9/2, after a simple asymptotics expansion give the
result of (110).

For Vs, the same argument works in this case for the other examples.
Using (103), we can see that the singularities of Fy are to = 5 — 2v/6 and
54 21/6. For the asymptotics of the coefficients the leading one is the smallest,
namely tg =5 — 2v/6. The expansion near tg is in this case

(23—x/6—10g(3—\/6)>+ —2+7\:{g (1—t)

12

1 ¢ 2 ].6 1/4 ¢ 5/2
~(15—4 1—2) -2 11—
+36( ° \/6)< to) 45 <3) < to>

1 AN \/5 t\ /2
- 2 1- = 1 12 1— =
+5 (9+ \/6)< to) — /1008 + 1270 3< to>

9/2
U1 N \/1089936+1337137\/§(1—;)
mt78) () -

to

o7t V6 1296

o(-5)

Considering the coefficients of the half powers, and noting that 1/ty =
(54 2v6), one gets (112).
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For Vs, we proceed similarly. From (107), observe that the singularities
of Fy are tg = (=24 V/6) and 2(—2 — v/6). The one with smallest absolute
value is tg = i(—Z ++/6). The expansion near this point is given by

<f“;’—\/6+;1og <§ (2+\/6)>) +% (357—146\/6) (1—;;)

. 5/2
(2 f2) (1- 1) 256 (1 - )
12 3 to 45+/267 + 109v/6

7/2
1472 (1- &)
0

21/7929 + 3237/6

/
+ 51 (5233570 — 21365366 ) (1 - t>4 16520 (1 - )

1 t\*
5 (122589 _ 50038\/6'> (1 . ) -

to

216 to 811/26163 + 106816
£\°
ol|([1-—
from which, noticing that 1/ty = 4 + 21/6 one can deduce (114). O

9. The Planar Limit for Extreme Face Potentials

Consider the extreme formal potentials

o I2 tn71x2n
Vi) =5 -2 — (116)
n>4
72 tn/2711.n
Vi(r) = 5 = > — (117)
n>3

We consider now the case of extremal potentials and compute the corre-
sponding planar limit.

Remark 9.1. For simplicity, in this section we will drop the subscript f from
the writings of R¢, For, Vr.

Proposition 9.2. (1) For the potential V¥, the planar limit Fo(t) has the fol-
lowing ten terms in the Taylor expansion
t . 47t2 . 49t3 . 11839¢4 . 9283t5 n 32605436
2 24 4 120 10 336
18387797tT  941448191¢8

168 i 720
+49O223647t9 n 93171535189¢10

30 440

and its radius of convergence is ty = ijﬁ. In addition, if f, is the
coefficient of t"™ in the Taylor expansion of Fy, then the asymptotic is

+O(t")
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4 n
f _ 1 2\3/5—1(473\3/5)
"3 T n7/2

243 — 8Y/2 91881 — 2640v/2 — 5696 /4 1
><<1— \f—f— V2 \f—I—O( ))

2n 10368n?

(2) For the potential V, the planar limit Fo has the Taylor expansion
Tt 109t2 156313 . 256629t4 . 38720767t°

==
Fo(t) 6 8 T 60 40 210
6588117336 -
g +Ot").

The planar limit has radius of convergence given by tg, the only positive
root of the polynomial equation

—11 — 128¢ + 41088t — 20480t + 4096t* = 0.
The coefficient f, of t™ from the expansion of Fy has the asymptotic

expansion
(1/to)" di  do 1
fan~c /2 1+Z+E+O E s (119)

with

\/ 34133 — 914556t + 4498562 — 8934413
CcC =
1768687
36145645 + 79913928t — 39094848t2 + 78085123

11319552
7806311269 + 20984001752t5 — 10129539392t2 + 2006727168t3

1026306048

1=

do =

Numerically,

to = 0.0180827901833. ..
1/tp = 55.3012001942.. ..
c = 0.1786898225. ..
d; = —3.3197404318 . ..
do = 79727292073 . ...
Proof. For part (1), we will find the singularities of R(t) = ¢?(¢) and then
expand it around its singularities nearest to the origin, as explained in [20].
First, notice that
1 14+ 1 — 4tc?
H(c) = log(c) — ¢ — — log 1rvi—Ae
2t 2
and H'(c) = 0 implies that the equation satisfied by R = ¢? is
1 — R —t? +4R*? + 4Rt — 16R*t* + 16R3t* = 0. (120)
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Our condition is that R(0) = 1 and this determines the branch near 0. One
can actually find the solution explicitly, however that is not very useful. The
singularities of R are at the points where the discriminant of (120) vanishes.
That means that the singularities are solutions to the polynomial equation

—16(—5¢t* + 96t — 96t + 32t°) = 0.
The latter are given by

{071<2 3 ),1+3(1i\/§)1 3(1+i\/§)}.

2\ 2273 4223 7 422/3

The singularity of R is thus ty = % (2 - 22%) ~ 0.0550592. The series expan-
sion of R near tg is

R(t)—llo(7+4€/§+3€/1)10‘1976\/15(9%%%%) <1t>1/2

1574640 to
17496 3 3 3
R 2492 4) -
+ e (38+36f+ 74 ( to)
1944\/15 (28569 1 23328¢/2 + 17746\3/1) . v
1574640 to
648 s i £\ 2
2% (996 + 97292+ 749/4) (1 - =
+israag (996 972 V2 + T09V) ( to)
54 s v £\ /2
% 15 (37321489 30114648 ¢/2 430114648 4) 1L
1574640\/ + + ( t0>

+0<(1tt0>4>.

Furthermore, the simplest way to proceed from here is to notice that Fo(t)/t2
differentiated three times is R’(¢)/R(¢). This in particular means that the sin-
gularities of Fy are the same as the ones of R and eventually the zeros of R.
Since the zeros of R are only +1, it follows that the singularity of F is also
to. The expansion of the third derivative of Fo(t)/t? near g is thus

1 . . T 4244 30892 + 256 /4
—\/5(832+664€f2+176€/1)/ | b 4244 308V2 4+ 256V

3 to 135
V19984 + 160622 + 127404 t 12008 + 7336y/2 + 7472/4
+ 27 = 3645
0

(-2)

- V113890440 + 92086727</2 + 76015706 /4 (1 t )3/2

1458v/2
©((1-5))
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Using (115), we can deduce the behavior of the coefficients of the third deriv-
ative of Fo(t)/t? and then a simple exercise leads to the asymptotics of the
coefficients of Fy from (118).

For part (2) we proceed similarly. This time,

2 1 1L — byt 44/ (1 — by/1)2 — 4tc?
H(b,c)zlog(c)—CQ—b——L——log \/ 5

From the critical system satisfied by b and ¢ eliminate b and then consider
R = c? to arrive at the equation satisfied by R:

T44R*? + R34(60 — 192t) + R?(—2 — 52t + 88t2)
+R(1 4 15t — 16t%) — (=1 + 2t — t?) = 0. (121)

We are interested here in the branch which at 0 is 1. The singularity points of
R are at the zeros of the discriminant. These are in our case the roots of

—11 — 128t + 41088t — 20480t + 4096t*.

The solution we are interested in is the only solution tg in (0,1). Approxi-
mately, to &~ 0.0180827901 . ... The value of Rg = R(to) can be found in terms
of tg as

1 856ty 128017 256t]
Ro=17+— 33 33

Using Newton’s method described in [19, VII 7] one can see that the singularity
of R is of square root near tg. To find the expansion, write

M £\ P2
R(t) =R 1——
(1 +;k( to)

where M is the desired level of approximation. Plug this into Theorem 1.4,
expand everything near t;, match the coefficients and then solve the system
thus obtained for aj. In our case we can take for simplicity M = 3 and solve
for a1, as,az. The system in this case is of the form

Q%UB +wv2 =0

20,2'013 + a%014 + Voo = 0

2 2 3 2 4 2 =0

a3a1v13 + a3v13 + 3a1a2014 + a7V15 + G202 + V23 + V31 =

2a4a1v13 + 2a2a3v13 + 3a1(a3 + a1az)vig + dadasvis + azvas
+2a1av23 + afvag + aqvse = 0,

2as5a1v13 + (a3 + 2a2a4)v13 + (a3 + 6arazas + 3atay)vis + 6a3advs
+4ai{’a3vl5 + a4v99

+G;%U23 + 2aqa3v93 + 3@%&21}24 + a‘llv% + aov39 + a%’U33 =0
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where the matrix (v;;)i=1,3;j=1,5 with coefficients in Q(¢¢) is given in reduced
form by

0 0

17464t,—64t2 2
% T2t 144t]

—3595+23184t,—10944t2+2048t3 2310903ty +5440t2 — 10883

—9 — 16to + 323 —84ty —288t2 |-

1584 33
1769—21424¢,412352¢2 —2048¢3 —24631t,—320¢2464t> 3-64t] 12t0  144¢2
17424 33 8 ¢ 0

There are two different solutions for a;, a positive and a negative one.
The appropriate one is the negative one in our situation because R has only
non-negative coefficients (see [4] for a proof of this). Once a; is solved, the
other coefficients are determined automatically in a unique way. Also notice
here that a; is a square root of a number in Q(¢g), and that all ay for even k
are in Q(¢o), while a, for k odd are in Q(¢g)/a;.

Now given the expansion of R near ty, the rest follows as in the previous
case. Namely, we can find the expansion of R'(¢)/R(t) near t; and thus the
asymptotics of the coefficients for R'(t)/R(t). In turn, since Fo(t)/t* differen-
tiated three times is exactly R'(t)/R(t), the proof of (119) follows straightfor-
wardly.

Worth mentioning is the fact that the constant C' from (119) is C' =
—2\/“7711%0, which explains the square root expression of C, while the other con-

stants dy and dy are in Q(¢). O

Remark 9.3. 1. The expansion in (119) can be improved to
M
(1/to)" d 1
anC ’17,7/2 1+lzzlﬁ+o W )

where C'is the one from (119) and the constants d,, are actually in Q(o).

2. Fy' is an algebraic function and this determines the Stokes constants
in the previous result. However the algebraic equation is very long and
this is the reason for not including it here. In addition, Fy also is the
solution to some algebraic equation, though this is very long either.
The differential equation satisfied by Fy implies a recurrence relation
for the coefficients (f,,) which is again very long, thus not included.

10. Other Examples of Planar Limits

Among other computations we mention here the case of counting planar dia-
grams with vertices of valences 3 or 4. This corresponds to the case of potentials
given by

J)Q IS 334
Vi(z) = 5 t3/2€ — t?Z
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for the counting of diagrams with a fixed number of edges. The problem of
counting planar diagrams with a fixed number of faces corresponds to the
potential
2 3 4
x x
Vo(z) = = — /2 —t—,
2(2) = 3 3 4

The calculations are very similar to the ones for the extreme potentials in
Sects. 8 and 9. The results are as follows. For V;, the asymptotics of the coef-
ficients f, of Fy are given by

fo = c(l,ff?ﬁn <1+ by @ L0 (1113))

where ¢t = t( is the closest root to 1/5 of the polynomial equation

0 = 6912 — 13824¢ — 146592t — 239488¢> — 2602569¢* — 4300752¢°
+79091888t5 + 304167552t7 + 4102847045 — 1349207040¢°
—7615156224t'° — 4603041792t + 31506516736¢2,

and C,dy,ds € Q(tg) are given numerically as
to = 0.2094195368 . . .
1/to = 4.7751036758.. ..
C = 1.4826787729...
dy = —7.2166440681 . ..
dy = 37.5616277128. ...

Similarly for the potential Vs we have

o= U (1o (1))

where tq is the closest root to 0.023 of the polynomial equation

0 = —43625 — 614400t + 8981299212 + 8954782723 — 3041722368t*
—11466178560t° + 32248627200¢°.

In addition, C, and d; € Q(to) are numerically approximated as

to = 0.02305646139. ..
1/t = 43.3717899396 . ..

C =0.2023938212. ..

dy = —3.2617202693 . ..

In both cases one can compute the asymptotics of the planar limit in the form

fa = C(l/f;; <1+Z 2 <nﬂi+1)>

for any M > 1.
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11. Analyticity of the Planar Limit

In this section we prove Theorem 1.1 and some consequences. Let us introduce
some notation. For a given sequence a = {a, },>1 in one of the spaces ¢.(N),
define

a(a) = sup|an |,

n>1
Theorem 11.1. 1. For even potentials
2

2n
T aonT
V(x) = ? — E 2 s

2n
n>1

if a(a) < /8, then the planar limit F5¥(a) is absolutely convergent as a
power series in infinitely many variables. In particular Fy is analytic on

B‘f‘/’\/g.

2. For the potential

x? apx”

if a(a) < V12, then Fo(a) is an absolutely convergent series in infinitely
many variables. In particular Fy is analytic on B1/\/ﬁ-

Proof. We can write

0 (&) = Z (OO

AF2n
A has only even blocks

Fola) = i (Z cm>

n=1 \\F2n

where the inner sum is over partitions of size 2n. Note that ¢y > 0. Now if

lan| < 7™/2, then
>, almlsm >«

AF2n AF2n
A has only even blocks A has only even blocks

and

Z exlax] < Z C.

AF2n AF2n

Hence, in order to compute the radius of convergence we need to compute
the radius of convergence of the planar limit Fy for the case of a, = r"/2.
Similarly, for the radius of convergence of F§V it suffices to look at the case
agn, = 1" and agp41 = 0.

Now, in these particular cases, according to Proposition 8.3, the radius
of convergence of F§" is 1/8 while the one of Fy is 1/12. In fact, it is easy to
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see that the coefficient f, of t" in F§V(t) satisfies f,, < 8" and the coefficient
fn of ™ in Fy(t) satisfies f, < 12™. Consequently, we have that

zz: C) S 8”

AF2n
A has only even blocks

and

Z ey < 127,

AF2n

Therefore,
¢y < 8" for any partition A of size 2n with only even blocks
and in general
cx < 12" for any partition A of size 2n.

Now, a celebrated Hardy and Ramanujan (1918) result shows that the num-
TV (1+o(1)) ([2)). From
this it follows easily that the series F§¥ converges for any r < 1/8 and F§¥
converges for any r < 1/12 which concludes the proof. O

ber of partitions of size k is asymptotically

Given a power series in the form

22 anpz"
=5 - Z
n>1

we set

a(V) = sup|an|1/”.
n>1

Tt is clear that V is analytic near 0 if and only if (V) < oo. With this notation
we have the following corollary which confirms 't Hooft’s conjecture. For the
following statement we denote the planar limit Fg5¥(¢) and Fo(t) to be the
planar limits obtained by replacing a,, by t"/2a,,

Corollary 11.1. If V is even then F§¥(t) has radius of convergence at least
1

8y/a(V)’

For arbitrary potentials V, Fo(t) has radius of convergence

1
12¢/a(V)’

Both of these bounds are sharp.

The fact that these bounds are sharp, follow from Proposition 8.2 or
Proposition 8.3. As made clear from the examples in Proposition 8.4, for the
same «()), the radius of convergence can be larger than the one given in this
corollary.

Remark 11.2. The analyticity of Fy and F§" in infinitely many variables can
be deduced also from the perturbation result in Theorem 12.1, though without
any estimate on the radius of convergence.
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Remark 11.3. The reader might wonder what happens with the planar limit
2 n
if instead of considering the potentials V(x) = 4 — >_ -, “== we consider
2
x

the potentials V(z) = % — > -, a,z". In this case the extreme potentials

are given by the case where a,, = t"/? and this is V(z) = #2/2 — 1/(1 — 2v/1).
It turns out after some analysis that the radius of convergence of Fy(¢) in
this case is given by ¢g, which is the only solution in (0, 1) of the polynomial
equation
0 = —226492416 + 962592768t + 345745981441 + 334387408896t
+7450906184352t* + 21095006644064¢° + 130097822364531¢°
+55792303752096t" 4 67902575063040¢% + 19100742451200t°

+6115295232000¢1°.

Numerically this is approximately o = 0.04955391 . ... In this case, the planar
limit as a function of the coefficients ay, is an analytic function on B /.

Remark 1.4. Tt would be interesting to know what happens with the case of
sequences a,, which are not in £1. Apparently the ¢! is important for the well
definition of convergent geometric series in infinitely many variables.

12. Perturbation Theory

The main result of this section is a stability result. It says that given a potential
whose equilibrium measure is one interval, then, under some non-degeneracy
assumptions, any small perturbation preserves the one interval support of the
equilibrium measure and in addition, the planar limit depends nicely on the
perturbation.

Before we state the result, we want to define a class of perturbations of
a given potential V. This definition is long and depends on many parameters,
however the idea is quite simple. We want to take perturbations of V' so that
the maximizer of the function F' can be parametrized in a nice way. The rea-
sonable way of doing this is to have perturbations close to V' on some open
interval containing the support of uy and large outside this open interval.

For this purpose, assume that X is a Banach space over the reals which
will be the ambient space of the parametrization. Now, given an open subset D
of X such that 0 € D, and I, J open sets of R, an integer £ > 1 and R, > 0,
we define U(k,V,D,I,J, R,J) the class of functions V : D x R — R in two
variables, with the properties,

(1) V(0,2) = V(x)

—

)
(2) for each t € D, x — V(t,z) satisfies (5)
(3) (t,x) — V(t,z) is C*3(D x R)
(4) sup |[V(t,2)=V(z)] <6, & sup |Hess,(V(t, )=V ()|lms <9,
teD,zel teD,xcJ
(5) inf (V(t,z) —2log|z|) > R (122)

teD,z¢1
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where, C*3 stands for the set of jointly differentiable functions in (t,z) with
k continuous (Fréchet) differentials in t and three continuous derivatives in .
Also, Hess, stands for the Hessian with respect to the variable z and || - || zs
is the Hilbert—Schmidt norm.

In words, (1), (2) and (3) of (122) define the perturbation which is
assumed of class C*3, while (4) means that the perturbation is uniformly
close to V on D x I while the Hessians are uniformly closed on D x J and (5)
encodes the fact that outside the interval I, the perturbation (minus the log-
arithmic term) is larger than a constant R uniformly in the parameter t € D.
We introduce here the interval J because as we will see below in the proof of
Theorem 12.1, we only need the Hessians close for x on a neighborhood of the
support of py.

The reason of introducing condition (5) in (122) instead of condition (4)
with I = R is because for large values of x, we do not need the perturbation to
be close to V. We only need the perturbation to be large for large z. Actually,
(4) and (5) constitute a weakening of the condition that the perturbation stays
close to V uniformly on the whole R.

Recall that we set
2

! b)y -V’ b))d

el = [T DY gy e g
(z—y)my/d—y

Theorem 12.1. Assume that V is a C* potential satisfying (5) with H(c,b) and

e defined by (57) and (56) respectively. Suppose that the following conditions
hold true:

1. (e, b) is the unique mazximizer of H;
2. Yep(x) >0, forallze[-22]. (123)
Under these assumptions, there exist

e an interval I C R,
e positive numbers Ry and &g

with the property that for any choice of
e R>Ry0<d <y,
e an open neighborhood J of [—2¢+ b,2¢ + 1],
e o Banach space X,
e andVelU(k,V,D,I,J R,),
the following hold
(1) there exists an open Do C D with 0 € Dy and
(2) (c,b) : Dy — (0,00) x R which is C* such that ¢(0) = ¢, b(0) =b
(3)  (c(t),b(t)) is the unique mazimizer of H(t,-)
[defined by (57) for V(t,-)]
(4) Do x [=2,2] 5 (t,2) = Yo p(t) () € R is positive. (124)
Furthermore, the equilibrium measure for V(t,-) has a single interval support
for t € Do and the planar limit Foy = Fy v ) is a C* function on Dy.
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In addition, if X is either a finite dimensional space or of the form X =
{(an)n>1 CR: Y o) lan|r™ < oo} for some r > 0 and V is real analytic on
a neighborhood of the support of uv such that (t,z) — V(t,z) is real ana-
lytic on a neighborhood of 0 X [—2¢ + b, 2¢ + V], then, we can take Dq so that
t — c(t),t — b(t) and t — Fy¢ are real analytic functions.

Proof. The key point of the proof is the fact that the maximizer (¢,b) of H
is unique and isolated and then by perturbing a little bit the potential V,
the maximizer of H(t,-) is to be found near (c,b). Finding the maximizer
(c(t),b(t)) of H(t,-) boils down to finding the critical point of this function
near (¢, b). This can be achieved by the implicit function theorem and the fact
that the Hessian of H is non-degenerate near (c,b).

Now technicalities. The first thing we want to do is to prove that for the
unperturbed function H, (¢, b) is a non-degenerate critical point. To do this we
want to check that the Hessian of H at (c,b) is positive definite. For simplicity
of the discussion, we will assume without any loss of generality that ¢ = 1 and
b = 0. Now the non-degeneracy is equivalent to the fact that

2+f2 2?V" (z)dx f2 2V (z)dx

2 qmv4—z2 2 m/4—x2? (125)
2 zV'(z)dx 2 V"(z)d=x
-2 m\/4—22 —2 mv4—2a2

is positive definite.
Recall that the critical point equations give

2
/ !
xV'(z)dx 9 and V' (z)dx

, T4 — z2 - , T4 — 22

Integrating by parts the first of these one deduces that

=0.

2
94 2>V (x)dz 4 V" (z)dx
V4 — a? \ 4 — 22

-2

Armed with this, the non-degeneracy of the Hessian (125) follows once we
prove the following

> 0. (126)

/2 2+ 2)V"(x)dx
J, ™4 — x?

This follows from

[ - [ L) - vie)

-2 —2

_ /2 (V/(42) — V(2))da
) (£2 — 2)7v4d — a2

(2 £ a)dx
T4 — x2

= (£2) > 0.
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Let M = H(c,b) be the maximum of H. For any choice of ¢, > 0 with
r > € > 0, obviously one has

sup{H (u,v) : u> 0,0 € R, 7% > (u—c)* + (v —b)? > 2} < M. (127)
Indeed if this is not the case, then there is a sequence (¢, b,) such that 72 >
(un — ¢)? + (v, — b)? > €2 so that lim,, .o H(un,v,) = M. Passing eventually
on subsequences, we may assume that u,, and v,, converge to u and v. Clearly
u # 0, otherwise H(u,v) = —oo. This implies that H(u,v) = M and at the
same time, (u,v) is within positive distance from (c,b), hence contradicting
the uniqueness of the maximizer.

Next, consider
U(z) :=V(x)—2log|z|,

and notice that from (5) we have U(z) > C' > —oco and lim|,|—,o, U(x) = +00.
Now we use (37) to justify that

2 2 9
H(uv):/w, w<,/w
T 24 — 2 o4 — 22 VA — 22

Assuming that (u—c)?+ (v—0b)? > r?, it is easy to deduce that, u+ |v| >

\/r?/2 —c? — b2, and thus,

1 2 —1
H(u,v) < _/ Uur +v)de [ U(ux +v)d U(ux + v)dz

274 — 22 2mV4 — 22 2mV4 — 22

1 1 22

< —C/3 - h(\/r22 — & — b?) (128)
where h(x) = infj, >, U(y)/6. In particular, for large r we learn that
H(u,v) < M.

Equations (127) and (128) guarantee that for any € > 0, there exists

do € (0,1) such that

H(u,v) < M — 34 (129)
for all (u,v) outside a ball of radius € around (¢, b). We take Ry > 0 such that
|z] > Ry implies h(z) > —C/3 — M + 3 and define I = [-Ry, Ro] U [-2c— 1+
b,2¢ + 1+ b]. The purpose of this choice of I is to make it a neighborhood of
the support of wy.

With these choices, for any R > Rp,0 < § < § and V €
U(k,V,D,I,J R,J), from the conditions (4) and (5) of (122), and the rea-
soning which led to (128), one gets for r = \/2(R3 + b? + ¢?) that

1. |H(t,u,v) — H(u,v)| <8, forr? > (u—c)*+ (v—">0)?>¢
2. H(t,u,v) <M -3 for (u—c)?+ (v—"0)>*>r%

We are led to the conclusion that for all t € D, max,~o,,er{H (t,u,v)}

is attained for (w,v) in the ball of radius e around (c,b). Indeed, other-

wise, assume that there is a maximizer (u,v) outside the ball B(c,b). Since,
|H(t,u,v) — H(u,v)| < §, combined with (129), implies that H(t,u,v) <
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M — 26. This contradicts (4) of Eq. (122) from which we gather that
H(t,c,b) — H(c,b) > =6, or H(t,¢,b) > M — ¢ > H(t,u,v) + ¢, thus (u,v)
can not be a maximizer of H(t, ).

The maximizer is a critical point of H(t,w,v), therefore V,, ,H(t,-) = 0.
To solve for (u,v), we interpret it as the definition of an implicit function
t — (c(t),b(t)). This can be done thanks to the combination of the last part
of (4) of (122), (1) of (123) and the implicit function theorem. These yield for
aset Dy C D, which contains 0 that there exists a C* function t — (c(t),b(t))
which is the maximizer of H(t,-). Taking a smaller subset of Dy, it is easy
to show that 9.()pt) > 0 on [~2,2] and the C* dependence of Fy¢ on t is a
simple consequence of (51).

In the case of analytic perturbations with X a finite dimensional space,
the only thing we need to point out is that (cf. [25]) the implicit function
theorem produces analytic versions c(t) and b(t) for t in an eventually smaller
Dy. The analyticity of Fy ¢ follows from (51).

On the other hand in the case X = {(an)n>1 CR: Y o |an|r™ < oo},
one needs a bit more work. The analyticity of functions in infinitely many vari-
ables is trickier than the case of analytic functions in finitely many variables.
However, our space here is essentially ¢! (N) over the real numbers and for this
case many things are like in the finite dimensional cases.

What we mean here is that for the case of £!(N) over the complex num-
bers, the theory of analytic functions is treated in [26] and [36]. The main
results are that every holomorphic function on ¢!(N) has a power series expan-
sion and every absolutely convergent power series expansion defines a holo-
morphic function.

In our situation, the functions are real analytic (meaning they have a
power series expansion), thus by complexification they become complex ana-
lytic and therefore they are holomorphic functions. Then, for the complexifi-
cation, we know that the implicit function theorem yields that the resulting
functions ¢(t), b(t) and Fy ¢ all are smooth functions of t on a small neighbor-
hood of X. Furthermore, since F' is actually a holomorphic function it is not
hard to prove that the choices of ¢(t), b(t) and Fp ¢ can be made holomorphic.
Using this we can conclude that the real parts of ¢(t),b(t) and Fy ¢ are real
analytic. O
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Appendix A. The First Few Terms of R, S and F,

In this appendix we give the first few terms of the unique solution (R, S) € A
of Eq. (13) and also of the formal planar limit Fy.

S =a1 +aias + 2a3 + alag + a%ag + 4asasz + 6a1a4 + 6as + alag’ + 3a%a2a3
—|—6a§a3 + 8a1a§ + ai’a4 + 18ajasa4 + 18azays + 12a%a5 + 18asas
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+30a1 a6 + 20ay + aia3 + 6ata3as + Sadaz + 2a£1)’a§ + 32a1a2a§ + 12a§
+4a:1)’a2a4 + 36a1a§a4 + 42a%a3a4 + T2asa3a4 + 54a1ai + a‘llag)
—|—48a%a2a5 + 36a§a5 + 108ajazas + 72a4a5 + 20a:13a6 + 120aqa2a6
+80azag + 90a3ay + 80azar + 140aiag + 70ag + O(a'')

R=1+as+ ag + 2a1a3 + 3a4 + ag + 6aiasas + 4a§ + 3a%a4 + 9aqa4
+12a1a5 + 10ag + aé + 12a1a§a3 + 6a§a§ + 16a2a§ + 12a%a2a4 + 18a§a4
+42a a3a4 + 18ai + 4a:1)’a5 + 48aqasas + 36aszas + 3Oa%a6 + 40a2a¢
+60aa7 + 35as + ag + 20a1a§’a3 + 3Oafa2a§ + 40a§a§ + 32a1a§
+30a%a§a4 + 30a§a4 + QOa?a3a4 + 210aqasazay + 84a§a4 + 63a%a421
—|—90a2ai + 20a‘;’a2a5 + 12Oa1a§a5 + 132a%a3a5 + 180asasgas + 252a1a4a5
+72a% + 5atag + 150a3asas + 100a3as + 260a1azas + 150asa6 + 60a5a;
+300ayazar + 160azar + 210a%ag + 175azas + 280a1ag + 126a10

+0(a'")
a? ay 1 a2 1 a1 at 1 al
fo=?I—FE—kiafaz—#f—kiafa%—&—é—k§a§a§+§2+§a§a§+l—a

1
3 3 2 3 2 3
+ajas + §a1a3 + 2a1aza3 + ajasas + 3aiazas + 2ajaza3 + 4arasas

aq

2a3 1
+2 120243 + ia?ag + 2a0a3 + 8a2aqal + 4a3a3 + 4aral + 5

3

3 1 9 3
+§a§a4 + za‘f% + aqcay4 + 5@%@@4 + a‘llagaél + §a§a4 + 9a%a§a4 + 2a§a4

9a2 9
+6aiazay + 7a:13a3a4 + 24aiasa3a4 + 6a§a4 + ?4 + 9a§ai + iagai

1
+2a1a5 + 2a§a5 + 5@?@5 + 6aiasas + 8a§’a2a5 + 12a1a§a5 + 3azas

1842  bag 5
5 2 4 5 + 5a2ag + ia%a(;

+ QOafazaﬁ + 5a§a6 + 20a;iaza¢ + 6aqas + dajar + lOa‘;’a7
Tag 35 , 2larg

+20aqa2a7 + 8aszar + T + ?alag + Tasag + ldarag9 +

where each ay is given the degree k. For example the monomial a?a3a, has
degree 2 x 142 x 2+ 4 = 10. The meaning of O(a'!) is that the degree of the
remaining terms is at least 11.

—|—18a%a3a5 + 12asazas + 18ajaqas +

+ 5(12(16

4 O(all)
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